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HALL-LITTLEWOOD POLYNOMIALS, AFFINE SCHUBERT
SERIES, AND LATTICE ENUMERATION

JOSHUA MAGLIONE AND CHRISTOPHER VOLL

ABSTRACT. We introduce multivariate rational generating series called Hall—-
Littlewood—Schubert (HLS;) series. They are defined in terms of polynomials
related to Hall-Littlewood polynomials and semistandard Young tableaux. We
show that HLS,, series provide solutions to a range of enumeration problems
upon judicious substitutions of their variables. These include the problem to
enumerate sublattices of a p-adic lattice according to the elementary divisor
types of their intersections with the members of a complete flag of reference
in the ambient lattice. This is an affine analog of the stratification of Grass-
mannians by Schubert varieties. Other substitutions of HLS,, series yield new
formulae for Hecke series and p-adic integrals associated with symplectic p-
adic groups, and combinatorially defined quiver representation zeta functions.
HLS,, series are g-analogs of Hilbert series of Stanley—Reisner rings associated
with posets arising from parabolic quotients of Coxeter groups of type B with
the Bruhat order. Special values of coarsened HLS,, series yield analogs of the
classical Littlewood identity for the generating functions of Schur polynomials.
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INTRODUCTION

We offer a unifying framework for a wide variety of counting problems from
geometry, number theory, and algebra. To this end we introduce Hall-Littlewood—
Schubert series HLS,,; see Definition 1.2. These are multivariate rational generating
functions defined as sums over semistandard Young tableaux (or just tableaux in
the sequel), involving polynomials related to Hall-Littlewood polynomials. We
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show that they specialize, under judicious substitutions of their 2™ variables, to
generating series solving various counting problems.

What makes each of these problems amenable to Hall-Littlewood—Schubert se-
ries is that they all factor over natural maps from the set of all finite-index sublat-
tices of a fixed lattice of finite rank n to the set SSYT,, of tableaux with entries
from {1,...,n}. In each case, the key to reducing the respective counting problem
to HLS,, is to compute the fibers of the relevant map. En route we discover connec-
tions with further classical objects of algebraic combinatorics, such as Dyck words,
the Bruhat order, and Stanley—Reisner rings. Three such instantiations, all related
to lattice enumeration, stand out.

(1) Let V be a module over a compact discrete valuation ring o, free of finite
rank n, equipped with a complete flag of isolated submodules {0} = VO cy® ¢
V@ ¢ ...c V™ = V. The affine Schubert series affSi,;o introduced in Defini-
tion 1.5 enumerates sublattices of finite index in V by the elementary divisors of
their intersections with each of the lattices V(). This may be seen as an affine
analog of the classical concept of Schubert varieties, stratifying Grassmannians by
the intersection dimensions with a fixed complete flag in the ambient vector space;
see [7]. Theorem B asserts that HLS,, specializes to affSiﬁ0 under a monomial sub-
stitution of the variables. Theorem C is a similar result for the affine Schubert
series affszfo, enumerating lattices by the elementary divisors of their projections
to, rather than intersections with, the members of a complete flag of reference.

(2) Hecke series play an important role in algebra and number theory. Theo-
rem E shows that Hall-Littlewood—Schubert series HLS,, specialize to the Hecke
series associated with groups of symplectic similitudes over local fields as studied
by Macdonald [12, Ch. V]. This leads to new formulae for and new results about
these classical series.

(3) Quiver representation zeta functions enumerate subrepresentations of inte-
gral quiver representations; see [10]. Specializations of Hall-Littlewood—Schubert
series yield new and explicit formulae for these zeta functions associated with com-
binatorially defined quiver representations over compact discrete valuation rings.

Additional applications flow from the fact that HLS,, is a Y-analog of the Hilbert
series of the Stanley—Reisner ring of a natural simplicial complex. This is the
order complex A(T,,) of the poset T,, = 2l"1\{@} equipped with the tableauz order
introduced in Section 6.1. The poset T,, may be interpreted in terms of the Bruhat
order on parabolic quotients of finite Coxeter groups of type B.

We state a general self-reciprocity result (Theorem A) for the Hall-Littlewood—
Schubert series HLS,, upon inversion of their variables. Through the relevant vari-
able substitutions, self-reciprocity is passed on to the generating series described
above, vastly extending the scope of this well-studied symmetry phenomenon. Our
proof of Theorem A is facilitated by interpreting HLS,, in terms of p-adic integrals.
Conversely, we give pleasing formulae for well-studied p-adic integrals associated
with symplectic p-adic groups in terms of Hall-Littlewood—Schubert series.

1. MAIN OBJECTS AND MAIN RESULTS

We defer precise definitions, even of standard objects pertaining to partitions,
tableaux, Young diagrams, lattices, and flags, to Section 2. Throughout, let n € N.

1.1. Hall-Littlewood—Schubert series. Write SSYT,, for the set of tableaux
T = (T;;) of degree n, i.e. with labels in [n] := {1,...,n}. Write T' = (C4,...,Cy)
to denote the columns of T' e SSYT,,. For ¢, 7 € N we define the leg set of T"

Leg;(i,j) _ Cj N [Tija Ti(j+1)] if Ti(jJrl) ¢ Cj,
%) otherwise.
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We set Zr = {(i,j) € N* | Legj(i,5) # @}.
Definition 1.1. The leg polynomial associated with T'€ SSYT,, is
(V)= [] (1 - Y#Legﬁivﬂ) e Z[Y].
(i.5)eLr

We introduce further 2" — 1 variables X = (X¢)gzcocn)- We call a tableau
reduced if its columns are pairwise distinct and write rSSYT,, for the finite (!) set
of reduced tableaux of degree n.

Definition 1.2. The Hall-Littlewood—Schubert series is

HLS, (V. X) = > &r(V) ][]

TerSSYT,, CeT

Remark 1.3. The leg polynomial &7 coincides with a known polynomial invariant
of Gelfand—Tsetlin patterns, which are known to be in bijection with tableaux; see
Lemma 6.11. For a partition A, let Py(x;t) be the Hall-Littlewood polynomial. In
Equation (6.7) we reproduce an expression, due to Feighin—Maklin, for Py (x;t) as a
(finite) sum indexed by the tableaux T' € SSYT,, of shape A, involving both the leg
polynomials ®7 and the weights of the tableaux. By recording the 2 — 1 possible
label sets of columns of tableaux of degree n, the Hall-Littlewood—Schubert series
keeps track of much finer information.

We note that leg sets index the cells contained in the leg of the (i, j)-cell for a
suitable partition in Macdonald’s terminology; see [12, p. 337].

We define the denominator polynomial

D.(X)= [] (1-Xc)ez[X].

@#£C<[n]
We then define the numerator polynomial N, (Y, X) € Z[Y, X] via
N, (Y, X)
1.1 HLS, (Y, X) = — .
(11) 5.V, X) - o

Example 1.4 (HLS,, for n < 3). Given subsets I1, 2, ... © N we write X |,|... =
X1, X1, -+ -. We further simplify the subscripts by displaying only the sets’ elements:
for example, we write X13 instead of X 33. For n < 3, we find

N1 (Y, X) =1, No(V,X)=1-YXyp,
and
Ns(Y, X) = 1 — Xy
=Y (X122 + X3 + Xoj3 + X213 + X213 + X223 + X3z + Xoj13j23 + X1)2)13)23)
+Y (X213 + Xujopiz + Xujojos + Xujjas + Xijiajes + Xipsjzs + Xi2p13j23)
+Y? (X1|2|3 + X313 + X1j313 + X2j3)12113 + X3)12/113 + X3)12)23 + X12\23\13)
—Y? (X312 + Xujapz + Xujapainz + Xujapsns + Xajspzles + Xujzisies
+Xoj121323 + X3j12/13/23)
+v? <—X2|3|12|13 + X1|2|3|12|13|23) . &
Our first main result establishes a general self-reciprocity property for HLS,,.

Theorem A. We have
HLS, (v, X = (=1)"Y~(G) X, - HLS, (Y, X).
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As a corollary we obtain reciprocity results for instantiations of HLS,. One
such result is Corollary 1.11, which establishes a functional equation for Fourier
transforms of the Hecke series associated with symplectic groups; see Section 1.4
for details. We prove Theorem A in Section 9.2.

We now present the principal applications of Hall-Littlewood—Schubert series
to p-adic lattice enumeration problems as well as some of their combinatorial and
topological properties.

1.2. Affine Schubert series. Enumerating full lattices in Z™ by their index is a
classical problem with a well-known solution. The monograph [11] lists no fewer
than five proofs of the following identity:

(1.2) Gnls)i= Y (27 A1 = [ s — ),
i=0

A<z

where the sum runs over all lattices of finite index, ((s) = >, n™* is the Riemann
zeta function and s is a complex variable.

One way to prove (1.2) is to enumerate matrices in Hermite normal form; see
[4, Sec. 1]. Its simplicity notwithstanding, this approach has two drawbacks: it is
basis-dependent and is oblivious of an important set of intrinsic invariants, namely
the elementary divisors of A with respect to the ambient lattice Z™.

Enumeration of lattices by their elementary divisors is achieved through suitable
specializations of Igusa functions. The Igusa function of degree n is the rational
function in variables Z1,..., Z,

(13) (Vi Z1s..., Zy) = Y1(Z1,...,Z0).
Z]< > Y er 17

Icl

Here, (?)Y € Z[Y] is the Y-multinomial coefficient. The zeta function in (1.2)

satisfies the following Euler product decomposition (see [28, Ex. 2.20]):

Gz (s) = n In <p1; (pi(niS))iE[nJ '

p prime

Hall-Littlewood—Schubert series may be seen as substantial generalizations of
Tgusa functions. Indeed, one of their principal applications is to the enumeration
of lattices A < Z" by the elementary divisors of their intersections with all the
members of a fixed complete isolated flag of Z™. As in the case of (z-(s), it suffices
to solve this problem locally for all primes p, or equivalently for lattices in Zy,
where Z,, is the ring of p-adic integers. More generally, we consider lattices over a
compact discrete valuation ring (¢cDVR) o of arbitrary characteristic.

In this local setup, the relevant elementary divisors are encoded by n partitions,

one for each intersection. More precisely, let V* = (V(i))ie[n] be a complete isolated

flag of 0”; see (2.3). For a lattice A < 0", denote the type of A n V() in V(@ by the

partition A()(A) of at most i parts. It determines and is determined by its vector of
i n+1
increments inc (A*(A)) = (inc(A(A))._ € N( 2, ; see (2.1). We introduce ("37)

i€[n] 2
variables Z = (Zij)1<j<i<n and set ZmeX (M) = [T | ch(/\( ')

Definition 1.5. The affine Schubert series of intersection type is

(1.4) affSl (2) = ).z M) e 7] 7],

A<om

where the sum runs over all finite-index sublattices A of o™.
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Remark 1.6. The term affine Schubert series is a nod to the fact that the defining
sum (1.4) may (up to a factor) be interpreted as the generating function of a
natural-valued weight function on the vertices of the affine Bruhat—Tits building
associated with the group SL, (K), where K is the field of fractions of the cDVR o.
Indeed, homothety classes of lattices in K™ form a natural model for the vertex
set of the simplicial complex underlying this building. For an early exploitation
of this perspective in the enumeration of lattices; see [27]. To what extent affine
Schubert series are invariants of affine Schubert varieties remains an interesting
open question.

Theorem B shows that the affine Schubert series affSirﬁ . is a specialization of the
Hall-Littlewood—Schubert series HLS,,. Given C' < [n], we set

(1.5) da(©) = 3 i ("#f“).

ie[n]\C

This is the dimension of the Schubert variety associated with C; see [9, p. 1071].
We denote by C(k) the kth smallest member of C. Set C(#C + 1) =n + 1 and

#C C(k+1)—C(k)—1

(1.6) Znc=]] [T Zewsor
k=1 e=0

Note that the (total) degree of Z, ¢ isn+1— C(1).

Theorem B. For all cDVR o with residue field cardinality ¢ we have

aff i?,o(Z) = HLSn(qila (qd"(C)Zn,C)C) .

In particular, aff} iﬁo(Z ) is a rational function in Z whose coefficients are poly-
nomials in q. We list these functions for n < 3 in Example A.1. Key to the proof
of Theorem B, which we complete in Section 4.3, is to enumerate lattices A in o™
by associated intersection tableaux that, by design, encode the information stored
by the partitions inc(A(*)(A)) for i € [n].

In Definition 3.15 we define affS}’ , a function dual to affSi,ﬁo, recording the
elementary divisor types of the projections onto a flag of reference. The duality
between the two affine Schubert series is discussed in Section 4.1. By defining a
combinatorial operation on pairs of partitions whose skew diagram is a horizontal
strip, we show that affS}’ (Z) and aff if,o(Z) are closely related; see also Theo-
rem 4.6. Examples A.1 and A.2 illustrate this proximity for n < 3.

Theorem C. For all cDVR o with residue field cardinality ¢ we have
pr - -1 [ dn([n]\C)
affSE" (Z) = HLS,, (q : (q ch)c) .

Combining Theorem A with Theorems B and C yields that the affine Schubert
series also satisfies the following self-reciprocity property:

Corollary 1.7. We have

affS)?,(Z7)

q—q~

(1 (H Ziz) aflS, (2).

aﬁszfo(z_lﬂ -1 = (_1)nq(;) (ﬁ Zii) 'aﬁszfo(z)-



6 JOSHUA MAGLIONE AND CHRISTOPHER VOLL

1.3. Hermite—Smith series. A further substitution of HLS,, pertains to the gen-
erating series enumerating lattices in 0™ according to their elementary divisor types
and Hermite composition simultaneously. For the former, let A(A) be the partition
encoding the elementary divisor type of a lattice A < 0™ (see Section 2.3). For the
latter, recall that A may be represented by a matrix M € Mat, (o), whose rows
record coordinates of generators of A with respect to some ordered o-basis of 0.
The coset GL,,(0)M comprises all such matrices. Let

6(A) = (01(A), ..., 0n(A)) € NG

be the vector of valuations of the diagonal entries of any upper-triangular matrix
in GLy(0)M. The vector §(A) is in fact an invariant of A and the flag V* whose
1th member is generated by the first ¢ elements of the ordered basis. We thus call
d(A) the Hermite composition of A relative to V°.

Definition 1.8. For variables ¢ = (z1,...,z,) and y = (y1,. .., yn) the Hermite—
Smith series is
HSpo(@,y) = ) @Oy ¢ 7]z, ).
A<<o™
Hermite—Smith series are instantiations of Hall-Littlewood—Schubert series:
Theorem D. For C < [n], set C* = {n—i+1]ieC}, and write yc = | [;,cc ¥i-
We have

HS,, o(z,y) = HLS, (q_l, (qd"(c)x#cyc*)c) .

In the proof of Theorem D we show that HS,, , factors over affSI ; see (4.3).

n,0’
Theorem B shows that the Igusa function (1.3) is an instantiation of HLS,,.

Corollary 1.9. We have
I, (Y, (Zi)ie[n]) — HLS,, (Y, (Yd”([”]\c)Z#c)) .

In particular, the zeta function (zn p(s) is equal to

I, pil, (pi(nfi)fis) — HSn. (pﬂ's) 1) = HLS, (pil, (pdn(C)fs#C)C) .
i€[n] i€[n]

Remark 1.10. In Proposition 8.5 we observe that the weak order zeta function
I ((Xc)e) (see (8.2)) is also a specialization of HLS,,. Together with the Igusa
functions l,,, they are extremal members of the family of generalized Igusa functions,
introduced and studied in [5]. It would be of great interest to find a framework
unifying generalized Igusa functions and Hall-Littlewood—Schubert series.

1.4. Symplectic Hecke series. The Hecke series 7(Z) and its Fourier transforms
7(s, Z) associated with the groups of symplectic similitudes GSp,,, (F') over a local
field F' are the focus of [12, Sec. V.5], where Z and s = (sg, ..., S, ) are variables. In
[12, (5.3)] Macdonald gives a formula for 7(s, Z) as a sum of 2" rational functions in
Z and ¢~%°,...,q °", where q is the residue field cardinality of the ring of integers
o of K. To paraphrase this formula, let © = (xq,...,2,) and X be variables and
set xc = [[,cc wi for C < [n]. Macdonald exhibits a function

_ H?zum(q_lawaX)
(17) H”hﬂ(w’X) - H[g[n](l - m[X) € Q(w’X)a

where HX"™ (Y, x, X) is a polynomial of degree 2" — 2 in X, that satisfies
(18) ’f‘(SO, vy Sn, Z) = Hn,o(q_SI, . q—Sn,’qN—SOZ)

for N = in(n+ 1). We extend the terminology (symplectic) Hecke series to the
rational functions H,, ,. We show that they are substitutions of HLS,,.
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Theorem E. For all cDVR o with residue field cardinality q we have
Hp,o(, X)(1 — X) = HLS, (¢, (zcX)c) .
In particular,

Hp (Y, X) = > (V) [JaeX [] (1—aX)ezY, = X].
TerSSYT,, CeT o#I1¢T

We list the numerator polynomials HX™ (Y, z, X) for n < 3 in Example A.3.
Note that, in addition to providing an alternative to Macdonald’s expression, this
formula explicates a numerator of the rational function (s, X). It also reveals ad-
ditional properties of the H,, o: in Proposition 7.1 we record a simple multiplicative
formula for the special value of H,, o(x, X) at X = 1. Furthermore, Theorems A
and E imply that the Hecke series also satisfies a self-reciprocity property.
Corollary 1.11. For all cDVR o with residue cardinality q we have

Huo (20, X7Y)] 0 = ()" g3 2, X2 Hy (2, X),
Remark 1.12. One can show that the numerator polynomials N, (Y, X) in (1.1)
have no linear term in X, that is, the coefficient, as an element of Z[Y], of X is 0
for all non-empty I < [n]. By Theorems A and E, this confirms the conjecture
made in [14, Rem. 1.3]. Theorem A confirms the suggestion made in [26, Rem. 4].

1.5. Quiver representation zeta functions. A quiver Q is a finite directed
graph with vertex set Qg and arrow set Q1. For a € @1, write h(a) € Qo and ¢(«)
for the respective head and tail of a: if a: i — j, then h(a) =4 and t(a) = j. Let
R be a commutative ring. An R-representation of Q is a collection U = (UL)LEQ0
of R-modules U;, together with an R-module homomorphisms f, : Uya) = Up(a)
for each a € Q1. An R-representation U’, with modules U/ and homomorphisms
> 18 a subrepresentation of U if U; < U; with inclusion ¢; : U} — U; for all
j € Qo and far; = f), for all arrows a : j — k. In this case, we write U’ < U.
The index of U’ in U is the product of the indices |U; : U/| for each i € Q.
The representation zeta function (y(s) associated with a fixed R-representation
U of a quiver Q was first introduced in [10] for the case when R is a global or
local ring of integers and the U; free, finite-rank R-modules; see [10, (1.1)]. Let
s = (8i)ieq, be complex variables. The representation zeta function is defined as

(1.9) wis)= >, T[] WU,
U’'<U i€Qo

where the sum runs over finite index subrepresentations of U. Certain substitutions
of the rational functions HLS,, yield concrete formulae for the (local) representation
zeta functions of various quiver representations. We exemplify this with certain
representations of dual star quivers.

For n € N, the dual star quiver Sk is the quiver with vertex set [n] and arrows
a; 2t — n for all i € [n — 1]. See Figure 1.1 for n = 4. We define a representation
V(o) of S¥, as follows: let V; = o for all i € [n], and let f,, : 0 — o™ be an

embedding whose images form a complete isolated flag in V,, = o™.
1
7 4 ™~
2 3

FIGURE 1.1. The dual star quiver S}
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Theorem F. For C  [n], set Cy = Cu{0} and let ve = (max(Con[i]o))l, € Nj.
For the o-representation V;,(0) of S* as above, we have

CVn(a)(S) = HLS, (qila (qd"(c)ivas)c) ﬁCai(Si)-
1=1

We prove Theorem F in Section 4.5.

1.6. Tableaux and Bruhat orders. Hall-Littlewood—Schubert series are defined
as finite sums over reduced tableaux. Identifying this index set with the set of
chains in a poset opens further combinatorial and topological vantage points.

In Section 6 we define a poset structure C on the set T,, of non-empty subsets of
[n] and explore the topological properties of its associated order complex. In this
poset structure, we compare non-empty subsets A and B of [n], written A C B,
if A and B arise as labels of adjacent columns in some tableau T' € SSYT,,. This
refines the usual containment relation 2 on [n]: if A 2 B, then A C B. The order
complex A(T,,) associated with the poset T,, is, as simplicial complex, isomorphic
to the set of rSSYT,, of reduced tableaux with labels in [n]. We denote by |A(T,,)|
a geometric realization of A(T,,).

Theorem 1.13. The simplicial complex |A(Ty)| is Cohen—Macaulay over Z and
homeomorphic to an ((”H) —1)-ball. The number of mazimal flags in A(Ty) is

2
("3 - TTazi (a)
[Tp— (26— 1)1
We prove Theorem 1.13 in Section 6.3.1. At the heart of the proof is a poset
isomorphism between T, and a poset arising from the parabolic quotient of the

hyperoctahedral group of degree n by its maximal symmetric group. The partial
order on that set is given by the Bruhat order.

1.7. Main ideas and structure of the paper. Section 2 sets up some essential
notation. It contains a table of notation and may serve as a reference throughout.

Section 3 is central to the paper’s methodology. We associate with a full lattice
A in V =~ o™ two types of tableaux, viz. the intersection tableaux T°(A) and the
projection tableaux To(A), both in SSYT,,. These tableaux encode how the lattice
A is built up successively from the intersections and the projections relative to the
members of a flag in V' by cyclic extensions.

In Theorem 4.6 we enumerate the fibers of these two maps in terms of two
combinatorial invariants of a tableau T € SSYT,,. The first is the leg polynomial
&7 (Y) introduced in Definition 1.1, and the second is the sum D, (T) of the di-
mensions of the Schubert varieties indexed by the columns of T'; see Definition 4.2.
Since Hall-Littlewood—Schubert series are defined as sums over tableaux that record
their column structure weighted by their leg polynomials, this paves the way to the
proofs of Theorems B and C in Section 4.3 and of Theorem D in Section 4.4. The
proof of Theorem F is given in Section 4.5.

In Section 5 we give an interpretation of the leg polynomials ®7(Y) in terms of
Dyck words. It is logically independent from any of the paper’s main theorems and
may be of independent combinatorial interest.

Hall-Littlewood—Schubert series are Y -analogs of Stanley—Reisner rings of a sim-
plicial complex, namely the order complex A(T,) of the poset T, we define in
Section 6.1. The observation that A(T,) is isomorphic to the poset rSSYT,,, the
finite indexing set of the sum defining HLS,,, is crucial for the rest of this section;
see Lemma 6.1. In Proposition 6.7 we establish an isomorphism between T,, U {&}
and a parabolic quotient of the hyperoctahedral group B, of degree n. This is
an important waypoint towards the proof of Theorem 1.13 in Section 6.3.1. En
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route we leverage the well-known bijection between tableaux and Gelfand—Tsetlin
patterns to obtain quantitative statements about maximal reduced tableaux.

In Section 7 we develop the connections between Hall-Littlewood—Schubert series
and symplectic Hecke series. Apart from our proof of Theorem E, we record in
Section 7.2 a simple multiplicative formula for the special value of the Hecke series
at X =1 (see Proposition 7.1), generalizing Schur’s classical Littlewood identities.

Special values of Hall-Littlewood—Schubert series are the theme of Section 8.
We focus on univariate series obtained by setting all the X¢ to X and Y to
one of 0, 1, or —1. In the case Y = 0 the Cohen—Macaulay property of certain
(Stanley—Reisner) rings implies the non-negativity of the relevant series’ numer-
ators; see Proposition 8.2. In the other cases Y = 1 or Y = —1, we formulate
non-negativity conjectures that seem to transcend the remit of Stanley—Reisner
rings of simplicial complexes; see Conjectures 8.3 and 8.7.

In Section 9 we explore different interpretations of Hall-Littlewood—Schubert
series as p-adic integrals. In Section 9.1 we show that classical integrals over the
integral p-adic points of groups of symplectic similitudes are instances of Hall-
Littlewood—Schubert series. This yields a simplified proof of a combinatorial iden-
tity for these integrals in terms of Igusa functions, previously proven in [1]. We use a
different expression of HLS,, as a p-adic integral to prove Theorem A in Section 9.3.

2. NOTATION

We recall some standard definitions and notation from the theories of integer
partitions, tableaux, and lattices. We write N = {1,2,...}, and for I € N, set
Iy =Tu{0}. For a,be N, let [a,b] = {a,a+1,...,b} and [a] = [1,a]. For C < [n]
and k € N, let C(k) be the kth smallest member of C. We also set C(#C+1) = n+1.
For a variable Y, we set (g)y =1, and for I < [n] with k¥ = max(T), set

(1), = G), (i), - =i (),

For I < [n], set maj(I) = >, ;i. Foru = (u1,...,un) € Z™, set |u| = 3", u; € Z.

2.1. Partitions. A partition ) is a weakly decreasing sequence ()\;);en such that
each )\; € Ny and all but finitely many A; are zero. The parts of A are the positive
A; for i € [n]. We denote by P, the set of all partitions with at most n parts. We
sometimes write A = (A1,...,A,) tomean A = (A1,...,A,,0,...).

A partition A € P,, determines and is determined by its Young diagram, which
is a collection of |A| cells, arranged in at most n left-justified rows with A; cells in the
ith row, starting at the top and going down. The shape of a Young diagram with n
rows is the partition A such that A; is the number of cells in row i. The conjugate
partition ) corresponds to the Young diagram associated with A, reflected along
the main diagonal: A} is the number of cells in the ith column.

Given A\, u € P, we write p © X if p; < A; for each ¢ € [n]. In this case, we
may superimpose the two Young diagrams by aligning the top left corners, with
the Young diagram of shape p inside of the Young diagram of shape A\. The skew
diagram )\ — pu is the diagram obtained from the Young diagram with shape A
by removing all of the cells in u. A skew diagram is a horizontal strip if there
is at most one cell in each of its columns. We write HoSt,, for the set of pairs of
partitions (A, p) € Py, x Pp—1 such that p € A and A — p is a horizontal strip.

For A € P, set

(21) IDC()\) = ()\1 — )\2, ceey )\n—l — )\na )\n) = (mcl()\))ze[n] € Ng
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Given a sequence of partitions A\* = (AD, ..., X)) we write
inc(A*) = (inc(AM), ..., inc(A™)).

2.2. Tableaux. A (semistandard Young) tableau T is a Young diagram where
each cell is filled in with a natural number such that the values are non-decreasing
across each row and increasing down each column. For i,j € N, the (i, j)-cell of
T is—if it exists—the cell in the ith row and jth column; its entry is written Tj;.
The shape of T is that of its underlying Young diagram, written sh(7"). We write
T = (Cy,Cy,...) for subsets C; < [n] to denote the columns of T', where
Cj ={Ti; lie[n]} = {C;(k) | k€ [#Cj]} < [n].

We write C € T to express that C is a column of T. The weight of T is the
vector wt(T') = (w1, ...,w,) € Njy if T has exactly w; cells with entry 7. A tableau
is reduced if it contains no repeated columns. We write SSYT,, for the set of
tableaux with entries in [n] and rSSYT,, € SSYT,, for the set of reduced tableaux.

Tableaux are in bijection with flags of partitions where all the skew diagrams
associated with successive pairs of partitions are horizontal strips. For T € SSYT,,
and k € [n]o, let T®*) be the tableau obtained from T by removing all cells with
labels greater than k. The shape of T*) is the partition A*)(T) = ()\§k), e )\l(ck)) €
Pr. This yields a flag of partitions, namely

(2.2) AT () =291 ATy - A1) 2 AT = A

By the tableau condition, differences of successive pairs of these partitions are
horizontal strips. Conversely, given a flag of partitions

O=XOcXB ...\ c \)

where each successive skew diagram A(®) — A(=1) is a horizontal strip, we obtain
a tableau T of shape A(™ by labelling cells in the ith horizontal strip by i, for
each i € [n]. These two constructions are mutually inverse.

2.3. Lattices and isolated (co-)flags. Let 0 be a cDVR of arbitrary character-
istic and K its field of fractions. Let p < 0 be the unique maximal ideal and 7 € p
a uniformizing element. We assume that the residue field o/p has characteristic p
and cardinality ¢, sometimes written F,.

Fix throughout a free o-module V' of finite rank n. An o-lattice A < V is a
o-submodule of V' of full rank n. We write £(V') for the set of all such lattices. For
each i € [n — 1]o, let U; be a free o-module. A complete isolated flag is

L1 L2 ln
Uy Ur Un,

where each U; is an o-module with rank ¢ and the cokernel of each ¢; is torsion-free.
Dually, a complete isolated coflag is

wo w1 Wn—1

Uy Uy

Un,

where each U; is an o-module with rank 7 and the coimage of each w; is torsion-free.
Fix once and for all a complete isolated flag and a complete isolated coflag of V:

v 0=V 47— Vo) ¢+ 5 Viy = V.

We assume, without loss of generality, that each V' is a submodule of V' and each
V(i) is a quotient of V.

For a partition A, we define the finite o-module Cy(0) = @, y0/p . The
(elementary divisor) type of a lattice A € L(V), written A(A), is the partition
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A with V/A =~ C)(0). Let w e Cy(0) and k € No. Write v,(w) = k if w € pFC) (o).
For an o-module M, define
Anny(pF) = {meM ’ pFm = 0}.
If M = Cy(0), then
A; = dimp, (piflM/piM) = dimg, (AnnM(pi)/AnnM(pFl)) .
The proof for the following lemma is essentially due to [12, I11.4 (4.12)].

Lemma 2.1. Let A\, € P,,. Let M be a finite o-module of type A and N < M of
type w. If M/N is cyclic, then p S X and X\ — p is a horizontal strip.

Proof. Since N is a submodule, it follows that ¢ < A. Fix k € N. Note that
AnnN(pk) = NﬁAnnM(pk) and pAnnM(pk) c AnnM(pk_l). Since AnnN(pk_l) _
Anny (p*) n Annp(pF~1), we have

dimp, ((Anny (p*) + Annay (p*~1))/Annar (p* 1)) = pj.
As dimg, (Annp(p¥)/Annp (pF~1)) = A}, we have

(2.4) dimp, (Annp(p*)/(Anny (p*) + Annp (pF71))) = N, — ),
Since Ann s (p¥)/Anny (p*) =~ (N + Anny,(p*))/N and since M/N is cyclic, the
F,-vector space in (2.4) is also cyclic. Hence, A}, — pj, < 1 for all ke N. O

2.4. Further notation. We record further notation in the following table.

Symbol ‘ Description ‘ Reference

Prn partitions with at most n parts Section 2.1
HoSt,, partitions p € A yielding horizontal strips | Section 2.1
L(V) set of full lattices in V' Section 2.3
o(A) Hermite composition Section 1.3
SSYT, tableaux with labels in [n] Section 2.2
rSSYT, tableaux without repeated columns Section 2.2
Or(Y) Leg polynomial Definition 1.1
HLS, (Y, x) Hall-Littlewood—Schubert series Definition 1.2
aff i,;o(Z ) affine Schubert series of intersection type Definition 1.5
affSy’, (Z) affine Schubert series of projection type Definition 3.15
Hpo(z, X) Fourier transform of Hecke series (1.7)

A (T) flag of partitions of tableau T' (2.2)

A*(A) flag of partitions of intersection types for A | (3.7)

T*(A) intersection tableau for A Section 3.3
Ae(A) flag of partitions of projection types for A | (3.13)

T.(A) projection tableau for A Section 3.5
Ve complete isolated flag of submodules of V' | (2.3)

Ve complete isolated coflag of quotients of V' (2.3)

L£2(V) lattices with intersection data given by T (3.8)

LY (V) lattices with projection data given by T (3.14)

D finite Dyck words Section 5
dn(C) dimension of Schubert variety for C' < [n] | (1.5)

Dy(T), D(T) | (dual) kth Schubert dimension Definition 4.2
Th poset on 2"\ {@} with tableau order Section 6.1
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A(T,) order complex of T,, Section 6.1
SR, Stanley—Reisner ring associated with T,, Section 8.1
B, hyperoctahedral group of degree n Section 6.2
GT, Gelfand—Tsetlin patterns of degree n Section 6.3

3. CYCLIC EXTENSIONS OF LATTICES

In this section we prepare the groundwork for our application of Hall-Littlewood—
Schubert series to affine Schubert series of intersection and projection type. In both
cases, we construct a surjective map from the set £(V') of finite-index lattices of
V to the set SSYT,, of tableaux comprising the information recorded in the affine
Schubert series of the respective type; see Sections 3.3 and 3.5. In Section 4 we pro-
vide formulae for the cardinalities of the fibers of these maps. Sections 3.1 and 3.2
contain preliminary notation and results on partitions and lattice extensions.

3.1. Corners, gaps, and jigsaws. Before we enumerate lattices by either inter-
section or projection data, we establish a few combinatorial results concerning pairs
of partitions. The section’s examples and figures illustrate them.

The (i, j)-cell of the Young diagram of shape A € P, is a corner if there is no
(i + 1,7)-cell and no (i, + 1)-cell in the diagram. Corners have the form (X, a)
for some a € N and, equivalently, (b, \y) for some b € N.

Let o be a horizontal strip and (A, u) € HoSt,,; see Section 2.3. We write

O = {(Hara) [a €N, iy = Ny, pigyy < Noya} € [n—1] x [a].
for the set of the corners of 1 within columns not containing a cell of o and imme-
diately preceding a column containing a cell from o. The cells in Cy , are, in other
words, those immediately to the west of maximal contiguous substrips of . Write
m for the projection onto the first coordinate of elements in C) , and w5 for the
projection onto the second coordinate. Lets us define the sets

Ik,u =71 (C)\,u); J)\,u = 7T2(C)\,p)-

Since there is at most one corner in each row and column, #C) ,, = #I , = #Jx .-

We define two additional partitions v,y € P, _1, whose parts are given by
vi= (N — 1), Y= —vi= s — 2 (N — hy)-
J>1 >t
We note that v; is the number of cells of A in row i lying above (but not on) a cell
of the horizontal strip o, whereas ~; is the number of such cells lying neither on nor
above a cell of 0. We call v the valuation partition and ~ the gap partition
associated with (A, ). The number of cells in A lying neither on nor above a cell
of o is denoted

(3.1) gap(A, p) = [7]-

Hence, gap(A, 1) counts the number of cells in columns of A in the gaps between
the contiguous strips of o.

Example 3.1. Forn =6 and A = (9,8,7,6,2,1) and pn = (9,7,7,3,2), we illustrate
the valuation and gap partitions in the Young diagram for X in Figure 3.1. We color
the cells of o := X\ — 11 in blue, the cells of Cy , = {(3,7),(4,3)} in green, and the
cells above a cell of ¢ in yellow. The number of yellow cells in row ¢ is 7;, and the
number of white or green cells in row i is v;. We note that gap(\, ) = 13. &

Lemma 3.2. Let (\, p) € HoSt,, with associated valuation and gap partitions v,~y,
and set m = max(Iy ). Suppose

a=min ({k e N |y <|o|} u{x0}), b =min{k e N| v, = 0}.
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=(9,8,7,6,2,1) € Ps,
(9,7,7,3,2) € Ps,
=(0,1,0,3,0,1) € NS,
= (

= (

W=

5,4,4,1,1) € Ps,
4,3,3,2,1) € Ps.

FIGURE 3.1. Valuation and gap partitions for (A, ) € HoStg

Then a = b if and only if O\, = @. If a < b, then vp_1 = vp,.

Proof. The case when a = oo is clear, so assume b < ¢ < c©. Then v, = |o] if
and only if A\, = py, for all k € [a —1]. Hence, [a—1] n 1), = @. Since 7, = 0 and
Va—1 = |o|, we have A\, = |o|. Thus, [As] N Jx,, = &. Therefore, Cy , = @.

Conversely, suppose C ,, = @. If |o| = 0, then we are done, so suppose |o| € N.
Then there exists k € N such that A} # p; for all i € [k] and X = y; for all j > k.
In other words, there exists r € N such that A; = p; for all i € [r — 1] and A, = |o].
Thus v,—1 = |o], 80 ptr — Vr = pr — (Jo] = A + pr) = 0. Hence, v, = 0 and thus
az=b.

For the final claim, suppose a < b. Since v, = 0 implies pup = v3, we have
m < b—1, so assume m < b—1. Since yp—1 > 0, we have 0 < y_1 — Y = fp—1 — Ap.
Hence, pp—1 > Ap = pp, so that (b—1, up—1) is a corner of . For r = pp—1, we have
A, = ul. For s = pi,,, we also have A, = u/,. By maximality of m, we have X, = ]
for all 4 € [r, s]. Since (m, 1) and (b — 1, up) are corners, this implies \; = p; for
all j € [m+1,b— 1]. Hence,

b—1
0= Z ()\j—uj)=l/m—ub_1. O

j=m+1

Given (), y) € HoSt,,, we define (X, i) € P, x Pn_y by

=M= A= (A = A A= Aty s A= A1),
B=XA == = fn-1, A1 — fln—2, ..., A1 — fi1).

Let p € Py, with p1 = p, = A1. The jigsaw operation in (3.2) for A can be visualized
by reflecting the skew diagram p — A vertically and horizontally and for p with the
same reflections applied to the skew diagram p— (A1, p1, ..., in—1). Forall i € [u1],

(3.2)

(33) i+ )‘n i1 = T Wi+ Fip g =mn— 1.

This implies that X— 1L is a horizontal strip, so (X i) € HoSt,,. Moreover,

(34) Ai =i =0 Dand )\;z i1~ Hp—ig1 = 1.

Hence gap(X, It) is the number of cells in p below a cell of o, or equivalently

(3.5) gap(A, i) = nlo| — [y,

where v is the valuation partition associated with A and pu.

Lemma 3.3. The map Jy , — JX,ﬁ giwven by a — n — a is a bijection, and
inc, (1) = incp—q ().

Proof. Suppose (1,,a) € Cx,p, so A, = p, and A, # pl, ;. By (3.4),

/

N’ ~/ 3z o~
/\nfaJrl #* MnfaJrlv /\nfa - Mnfa'
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So (fip,—q,n — a) € C5 ;. Thus, Cy, and Cf ; are in bijection. By (3.3),

incq (1) = o — Has1 = Hn—q = Fp—a+1 = iCn—a (1) O
Example 3.4. We illustrate the jigsaw operation defined in (3.2) with the par-
titions from Example 3.1: A = (9,8,7,6,2,1) and u = (9,7,7,3,2) yield A =
(8,7,3,2,1,0) and it = (7,6,2,2,0). Figure 3.2 shows the pairs (A, u), (A, ft) €

HoSte. There we color the cells of A — p in blue, C , in green, A — fi in purple,
and Cx 5 In orange. &

(A, 1) and (X, i) (A 1) (A7)

FIGURE 3.2. An illustration of the jigsaw operation (3.2)

3.2. Extending elements for lattices. In this section we study ways to extend
lattices of types A and to lattices of type u by adjoining suitable elements. For a
partition A, we set Dy = {ie N[ X\; > Aip1} = {X] | j € N}. For i € Dy, we set
e; = incy, (A') € N. Then

C)\(O) = @ C,\i(o)ei.

€Dy

For each ¢ € D) we let define the projection
(36) 19)\,1' : CA(O) - O)\i(a)eiv (wl;w2a"') — (wi*8i+1vwi7€i+2ﬂ"-7wi)'

Given a partition 3, we generalize the projections 9, ; to projections
€;
195,1' : Cﬂ(o) - @ CBZ'*J#l (0)
j=1

given by the same formula in (3.6). Thus ﬂﬁ,i = 9¥,,. We have two specific use
cases for 3: for intersection data, § = p, and for projection data, 8 = (JA— |~ 1).

Definition 3.5. Let (\, ) € HoSt,, with valuation partition v € P,,—1. An element
w e Cg(0) is (A, u)-extending if for all i € D, and all j € I ,,

Up (ﬁﬁ,z(w)) = Vi, Up (195,3(111)) < Vj.
We call the inequalities in Definition 3.5 “Condition (1)” and “Condition (2)”.

Lemma 3.6. Let (A, u) € HoSt,, with p,—1 # 0. Let 8 € Pp_1 with Bp_1 = \p.
If w e Cg(o) is (A, p)-extending, then vy(w) = A, and either A\, = pin—1, pt =
(Moo A1), or vp(w) = Ay,

Proof. Let v,y € P,_1 be the valuation and gap partitions associated with (A, ).
As pp—1 # 0, we have n — 1 € D,. Since min{vi,...,Vp—1} = Vp_1 = Ay, by
Condition (1) of Definition 3.5 we have that v, (w) = A,.

Assume that A, # pn—1 and g # (A1,..., An—1), so we will show that v,(w) =
An. Note that A, # p,—1 implies that

Yn—1 = Un—1 — )\n > 05
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and p # (A1,..., A\p—1) implies that
Un—1 = Ap < |A] = |pl.
By Lemma 3.2 with @ < n —1 and b = n, we have I, # &. Moreover for m =

max(ly,,), Lemma 3.2 also implies that v, = v,,—1 = A,. Since 8, = \,, we have
Up (U n—1(w)) = Ay, by Condition (2) of Definition 3.5. Hence, vy(w) = A,. O
Lemma 3.7. Let (A, ) € HoSt,,. Let p = (A1,..., \n1) and 7 = (p1, .+, fin—2).
Let B € Ppo1 and o = (B1,...,0n—2). With w : Cg(o) — Cqu(0) given by
(Wi,...,wWp1) — (w1,...,wn—2), if w € Cg(0) is (A, pu)-extending, then w(w)
is (p, T)-extending.

Proof. 1f either p,—1 = 0 or pp,—2 > pp—1 > 0, then D, < D,. And in these
cases, Condition (1) of Definition 3.5 holds, with (A, ) replaced by (p, 7). Assume,
therefore, that pi,—2 = ptn—1 >0, s0 n —2 € D, and D, = D-\{n — 2} u {n — 1}.
Set e = incy, (') = 2. For wy_1 : D), Cs, .(0) = Dj_y Ca,_.(0) given by
(w1, ..., we) — (w1,...,We—1), the diagram commutes.

B

00
Cpl0) —— @;=1 Cs,_.(0)

w J/wnfl

C(X(U) Lf% @;:2 Can—e(o)
Hence, vp(ﬂﬁm_l(w)) > A, implies

Op(@n-19) 1) () = (95, _2@) (W) = A

Since T2 — Pn—1 = fin—2 — Ap—1 = ln—1 — An, Condition (1) of Definition 3.5,
again with (A, ) replaced by (p,7), follows in this case. Because C,, < Ch,,
Condition (2) holds as required. O

3.3. Lattices and their intersection tableaux. Let A € L(V). Recall from
Section 1.2 that A(¥(A) € P; is the type of V) (V) ~ A) for each i € [n]. This
yields the flag of partitions of intersection types associated with A

(3.7) MA): () =290 AW (A) = 2 AM(A) = A(A).

Lemma 3.8. For all i € [n], the skew diagram AV (A) — A0~V (A) is a horizontal
strip.

Proof. As V=1 < V() with respective ranks i — 1 and i, the quotient o-module
VONVE A A) + VE=D) s cyclic. Since VO 4 (VO £ A) = V) + A and
VO A (VED L A) = (VO A A) + VED| we have

VONWVED AN+ VED) = (VO 4 A)/(VED 4 A).

Since AU)(A) is the type of (V) + A)/A and (V) + A)/(VE=Y 4+ A) is cyclic, the
skew diagram A9 (A) — A= (A) is a horizontal strip by Lemma 2.1. O

By Lemma 3.8 the flag A*(A) defines a tableau T*(A) € SSYT,, called the
intersection tableau of A, as explained in Section 2.2. Given T'e SSYT,, we set

(3.8) LPV)={AeL(V)|T*(A) =T}.
In Theorem 4.6 we determine the cardinality f3";(0) = #L7 (V). Thus
(3.9) affS? (2) = > firp(o) -z,

TeSSYT,

Example 3.9. We consider an example in SSYT3. Let
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—_

- [1[1
2|23

2]3] A(T) ()= (3) S (4,2) < (5,3,0).

The lattices in £i2(0®) correspond to GL3(0)-cosets of matrices of the form

2 aie2 ais Up (a12) =1, Up(a23) =2,
7 a3 | € Mats(o) vp(a13) = 0,
w3 vp(aizags — mlaiz) =3

Thus, f3%(0) = (¢ —1)(¢> — q)(¢* — ¢*), so the term in affS3 ,(Z) associated with
T is
5r(0) - Z»eN ) — ¢1—-qg 1) ZE1ZQQ1Z222Z321Z§2Z§3-
In Section 5 we describe a combinatorial way to obtain the factor (1 — ¢
;‘T(o) - ZeO* (1) in terms of an invariant of a Dyck word associated with the
tableau T'; see Example 5.4. &

“1)3 in

3.4. Cyclic extensions of lattices by intersection data. For a partition A € P,
and a lattice Ag € L(V (1) we set

EN(V, Ag) = {A e L(V) ‘ A V=D = Ay, AA) = )\} .

The lattices in E7(V, Ag) are rank-n extensions of the rank-(n — 1) lattice Ao, all of
which have type A. The formula for the cardinality of (V. Ag) established in The-
orem 3.12 plays an important role in the determination of f1';(0), the cardinality
of LIB(V) for T € SSYT,,, in Theorem 4.6.

Proposition 3.10. Set u = A(Ag). If E(V, o) is non-empty, then A — u is a
horizontal strip.

Proof. Suppose E(V,Ag) # @ and A € EP(V,Ag). We have (A + V(™)/A
V=D /(A A VD) ~ O, (0) and V/A = Cy(0). Since V/(A + V(1) is cycli
by Lemma 2.1 we conclude that 4 © A and A\ — i is a horizontal strip. ([

C,
The following proposition is the key to enumerating the lattices in E%(V, Ag),
and it establishes the connection between (A, u)-extending elements of C),(0) and
lattices A € L(V) of type A.

Proposition 3.11. Let (\, ) € HoSt,, and let Ag € L(V "~V with = A\(Ag). Let
ve V\(pV + Ao) and ue V=V and set A = o(xN =11y + ) + Ag. The following
are equivalent.

(1) AxA) = A

(2) The coset u+ Ao in V=V /Ag is (N, p)-extending.

Proof. We show that (2) implies (1). Write the nth term of A(A) as A, (A). By
Lemma 3.7, it suffices to show that A\, (A) = A,. If g1 = 0, then A, = 0 since
A — p is a horizontal strip. Hence, V /A has rank less than n. Therefore, \,,(A) =0
as needed, so we assume 1 € Pp,_1\Pp_o.

Let 0 = A — u, and observe that p,—1 > \,. Note that

(3.10) An(A) = min {k € No | Jvg € V\pV, 7¥vg € A}.
Let w = u+ Ag € V"1 /Ay = O, (0). Since w is (), p)-extending, by Lemma 3.6
vp(w) = Ay, and therefore by (3.10),

An(A) = .

Also by Lemma 3.6, we have three cases. First suppose v,(w) = A,. Thus there
exists a v’ € V\pV such that 7*nu/ + Ag = w. Set v’ = o/ + 7l71=*ny € V\pV, s0
7rnu” € A. Hence, A\,(A) < n in this case. Now consider the second case where
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An = pn—1. This implies that v,—1 = pin—1 — A\, = 0. Since w is (A, p)-extending,
Yyn—1(w) = 0. Hence, there exists such a v’ € V\pV such that 7#~1u' + Ay = w.
As in the first case, this implies that A\,(A) < A, = pn—1. Now consider the
final case where p = (A1,...,A\n—1), SO0 Vp—1 = |o| = A,. By Equation (3.10),
An(A) < o] = A\, so A\ (A) = A, in all three cases as required.

Now we show that (1) implies (2). Suppose w is not (A, p)-extending. Then
there is a largest i € D, such that v, (0,,(w)) < v; or a largest j € I , such that
vp(Y,,5(w)) > vj. In both cases, by applying the same inductive proof as above
there is a k € [n] such that the value of A\x(A) is strictly smaller or larger than .
(The value k depends on the value of the problematic vy (9, ;(w)) and its relation
to the other v;.) Hence, A(A) # A. O

Theorem 3.12. Let (\, ;1) € HoSt,, and let Ag € L(V 1) of type u. Then
B A0 0 T (1)

agdy,,
Proof. Let 0 = A\ — pu be the horizontal strip. Let v € V\(pV + VD) so V =
ov+ V=D, For ue V\V1 set
A(u) = ou + Ao.
For all u € V there exist a € 0\p, f € Ng, and u” € V(»~1) such that
(3.11) u+ Ao = arnfv +u” + Ao.

By Lemma 3.8, if A(V/A(u)) = A, then f = |o| in (3.11). Therefore it suffices to
count the number of Ag-cosets, u + Ag, in V such that A(V/A(u)) = X as different
choices of v € V\(pV + V(»~1) are inconsequential. Thus, by Proposition 3.11,
#E(V, Ap) is equal to the number of (), u)-extending elements of C,(0). For
e,m e N and f € Ny with f < m, we have #p/C,,(0)¢ = ¢*™= /). For i € N, set
e; = inc,, (1'). Therefore by Proposition 3.11 and (3.1), we have

#Ej\“(V, AO) _ 1_[ qei(ui—ui) 1_[ (1 7q—€¢) — 1_[ qei’)’i 1_[ (1 7q—inca(;/))

i€D,, i€lx,, €D, a€Jx,u
= gsP () 1_[ (1— g ety O
aEJA’u

As consequence of Theorem 3.12 the cardinality of £(V, Ag) depends only on
q, A, and A(V/Ag). To reflect this, we define

(3.12) exty, (0) = #EV(V, Ao)
whenever (A, 1) € HoSt,, and p is the type of Ag.

Example 3.13. To illustrate Theorem 3.12 we compute exti/\‘fu(o) for a pair (A, u) €
HoStg by counting the matrices in Matg(0) whose rows generate the lattices in
question. Figure 3.3 displays, besides A and p, the horizontal strip ¢ = A — o,
whose cells we color in blue, as well as the associated valuation partition v and the
gap partition . Cells in Cy , we color in green.

We count the cosets in GLg(0)\ Matg (o) with a representative of the form

7T7 | 7T4’w2 7T3’LU5 w7 Tws

7T9 Idg
M = 76 Ids € Matg(o),
7T4 Idg

7T2 Idl

where vp(w2) = 0, vy(ws) € [3]o, vp(wr) = 0, and vy (ws) € [1]o. Because we view
the rows of such matrices as generating the lattices in £(0%, Ag), where Ag is the
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P A= (12,9,7,6,6,6,4,2,1) € Po,
= (9,9,6,6,6,4,4,2) € Ps,
o=(3,0,1,0,0,2,0,0,1) e N2,

.- v=(4,4,3,3,3,1,1,1) € Ps,
v =(5,5,3,3,3,3,3,1) € Ps.

-
FI1GURE 3.3. Data associated with an example (), r) € HoStg.

lattice generated by the lower right 8 x 8 matrix in M, we need only count specific
cosets for the w;, namely, wy € (0/p®)%, ws € (0/p3)3, wr € (0/p®)?, and wg € o/p.
Their respective contributions to the number of such cosets are ¢'°(1 — ¢=2), ¢°,
q®(1 — ¢72) and ¢. Hence,
ext}, (0) = ¢*°(1 — ¢ %)%
Note that 26 =5+5+3+3+3+3+3+1=gap(\, ) and Jy, = {4,9} with
= (8,8,7,7,5,5,2,2,2) € Py, inc(y) = (0,1,0,2,0,3,0,0,2) € NJ. ¢

3.5. Lattices and their projection tableaux. We dualize the approach followed
in Section 3.3. Recall from Section 2.3 that V, is a complete isolated coflag with pro-
jections @; : Vij41) = Viy). For i € [n], let A¢;)(A) € P; be the type of V(@ /em;(A).
This yields the flag of partitions of projection types associated with A, similar
to (3.7):

(3.13) A(A) () = Aoy (A) S Ay (A) S -+ S Ay (A) = A(A).

Lemma 3.14. For alli € [n], the skew diagram Ay (A) — X;—1)(A) is a horizontal
strip.

Proof. For each j € [n — 1]o, let @; = w;wit1-- @Wn_1, s0 that <; : V — V.
Since the coimage of each w; is torsion-free, the coimage of ©o; is torsion-free. Let
Un—; = ker(w;) < V, which is therefore isolated in V, so the full pre-image of
w;(A) is A+ U,—;. Hence the U, form a complete isolated flag of V. For all i € [n],

(A4 Un—is1)/(A+ Uni) = Un—it1/(Un—is1 0 A) + Un i),
and is therefore cyclic (see the proof of Lemma 3.8) and
Wi(A+ Up—iv1)/@0i(A+ Up—i) = (A + Up—ig1)/(A+ Up—y).
By Lemma 2.1, the statement follows. (I

By Lemma 3.14 the flag Ao (A) determines a tableau T, (A), called the projection
tableaux of A, as explained in Section 2.2. Given T € SSYT,, we set

(3.14) LEV)={AeL(V)|TJ(\) =T},

in analogy with (3.8). In Theorem 4.6 we determine the cardinality f}'7.(0) =
#L7 (V). The following is analogous to Definition 1.5; see (3.9).

Definition 3.15. The affine Schubert series of projection type is

afiSt’ (Z) = ), fRip(0) - 2N e 2] 7],
TeSSYT,

We list these rational (!) functions for n < 3 in Example A.2.

Example 3.16. We revisit the tableau from Example 3.9:
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—_

7 — [1[1]1]2]3] M(T) 2 ()< (3)c(4,2) < (5,3,0).

212|3

The lattices in £57(0?) correspond to GLs3(0)-cosets of matrices of the form

7™ bia big vp(b12) = 2, vp(bas) = 1,
3 bas | € Matg(o) Vp (513) =0,
7T2 ’Up(b12b23 - 7T3b13) =3
Thus, f37(0) = (¢ — 1)*(¢*> — ¢), so the term associated with T is
BE),TT(U) - ZmeN (M) = q4(1 - q_1)3 ) ZiO’1Z2212222Z§12§2Z??3- ¢

3.6. Cyclic extensions of lattices by projection data. We shall prove Theo-
rem 4.6 by induction on n. For the induction step we enumerate, in Theorem 3.17,
cyclic extensions of lattices. For A € P,, and a lattice Ag € L(V(,—1)), we set

EP' (V. Ao) = {Ae L(V) | @n1(A) = Ag, A(A) = A}.

In complete analogy with Proposition 3.10 one proves that the set Y (V, Ag) is
empty unless A — p is a horizontal strip, where u is the type of Ag.

Theorem 3.17. Let (A, i) € HoSt,, and let Ag € L(V(—1)) of type . Then
HEP(V, Ag) = ¢=*PO) [T (1 — g inea @),

aEJ;\,ﬂ

Proof. Set ¢ = A\ — p and d = |o|, and let v € ker(w,—1)\pV. By Lemma 3.14, for
each lattice A € EY"(V, Ag), we have A n ov = p?v. Since V is free, there exists
W < V such that V = W @ ov. For each i € [n — 1], define u; + pv € ov/p%v such
that u; —v; € W + plo. Write u = (u1 + pPv,...,up—1 + p%) € (ov/plo)" ! =~
Cy(0)"~t. Thus, each A € EY(V, Ag) gives rise to such an element u by applying
V +— V/(W + p%v) to the generators of A. By an argument that is analogous to
Proposition 3.11, we claim that these elements u both characterize such lattices
and are in bijection with the (), u)-extending elements of Cy(0)" .

It suffices to count the number of (), uu)-extending elements in Cy(0)" 1. Let
v € P,—1 be the valuation partition. Then by (3.5) and Lemma 3.3,

#EP(V,Ao) = [T a@) T (1 —g7%) = ¢=*O® [T (1 - g 2.0

iGD” iEIA’u aEJ;\,ﬂ

In analogy with (3.12) we define ext}’ (o)
HoSt,, and p is the type of Ay.

#EV' (V. Aog) whenever (A, p) €

Example 3.18. To illustrate Theorem 3.17, we compute extgfu(o) for the same
(A, ) € HoStg, displayed in Figure 3.3 for which we computed ext&“,tu(o) in Exam-
ple 3.13. Here we count the cosets in GLg(0)\ Matg(0) with a representative of the
form
72 1d, 74w,y
w8 1d, m3ws
M = 7t 1dy mwr | € Matg(o),
m21d; | mws
|

where vy (w2) = 0, vy (ws) € [3]o, vp(wr) = 0, and vy (ws) € [1]o. Again we need only
count specific cosets for the w;, namely, wy € (0/p®)?, ws € (0/p?)3, wr € (0/p%)?,
and wg € o/p®. Their respective contributions to the number of such cosets are
¢°(1-¢7%), ¢', ¢"*(1 = ¢7*) and ¢°. Hence,

ext}’ (o) = ¢*°(1 —¢72)%.
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Note that A = (11,10,8,6,6,6,5,3,0) and i = (10,8,8,6,6,6,3,3), so the gap
partition is (6,6, 6,4, 4,4, 3,3), whose entry sum is 36. &

4. ENUMERATING LATTICES BY TABLEAUX

We build off of Section 3 to enumerate lattices by their tableaux data. Here, we
see the leg polynomial of Definition 1.1 come into play, and we show that it is equal
to fi'p(0) and f)'(0), up to a monomial factor in ¢. At the end of this section,
we prove Theorems B, C and F.

4.1. Jigsaws and complements. We extend the jigsaw operation defined in Sec-

tion 3.1 in (3.2) to tableaux. Recall from Section 2.2 that tableaux are equivalent

to flags of partitions whose consecutive skew diagrams are horizontal strips.
Suppose T' € SSYT,, with A®) = A()(T") for all i € [n]. Define

(4.1) A = (A =20 a0 =) e P

As in Section 3.1, one argues that the skew diagram A6+ — A( is a horizontal
strip for all ¢ € [n — 1]. Write T for the tableau obtained from the flag A* defined
by (4.1).
With T = (Ch,...,Cf) € SSYT,,, we define the complement tableau to be
T° = ([n]\Cg, [n]\Cg_l, s [n]\cl)a

where we truncated entries equal to @ arising from columns C; = [n].
Proposition 4.1. For all T € SSYT,, we have T =T¢.

Proof. Let A*) = X(®)(T) = sh(T*)). Then A(®) is obtained from the skew diagram
p— O A A )\fck)) by applying a horizontal and vertical reflection,
where p = (A™)") € P,,. Therefore, for k € [n — 1] and all i € [A{?],

MDY+ WD), = 41, AP+ (A0, = k.
Hence, the conclusion holds. ]

Recall that d,(C) is the dimension of the Schubert variety associated with C' <
[n]; see (1.5).

Definition 4.2. For T' € SSYT,, and k € [n], the kth Schubert dimension and
the kth dual Schubert dimension of T are

Di(T) = ) di(C), Di(T) = Y d([K]\C) = Di(T*).
cer®) cer®

We now relate the gap statistic from Section 3.1 with the sum of the dimensions
of the Schubert varieties associated with the columns of T'.

Lemma 4.3. For T € SSYT,, and k € [n — 1], we have
D3 (T) = Dy(T) + gap (AF+9(T), ABI(T) ),

—~

1(T) = DE(T) + gap (AFFD(T),X(T))

Proof. By Proposition 4.1, it suffices to prove the first equality. Suppose T' has ¢
columns, and write TF) = (Cy,...,Cf) and T*+YD = (CY,...,C}). For each j € [¢],

di+1(C5) — di(C}) = maj([k + 1\C;) — maj([k]\C})

N (n—#C;-) B (n—#Cj—i-l)_
2 2
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We have two cases to consider. First suppose C; = C7, so k + 1 is not contained
in Oy, and dy41(Cj) — d(C}) = #C;. Now assume that C; = C} U {k + 1}. Then
di+1(Cj) —di(C}) = 0. Therefore, Dy11(T) — Di(T) is equal to the number of cells
in columns without cells labeled k + 1 whose entries are less than k + 1. Hence,

Dyusr(T) — Dy(T) = gap (Mk“) (T), A® (T)) . O

We note that for C < [n] with ¥ = #C, the sum of the Schubert dimensions
dn(C) + dn([n]\C) is equal to k(n — k), the dimension of the Grassmannian of
k-dimensional subspaces in an n-dimensional vector space. For sh(T') = A

Dn(T) + D(T) = > Nj(n— ).

i>1
We now express the leg polynomial of T in terms of the leg polynomial of 7("~1).
Lemma 4.4. Let T € SSYT,,. Write (\, 1) = (sh(T),sh(T™~1)) e HoSt,,.
o (Y : / iy
& — 1_[ (1 _ qflnCa(#)) — 1_[ (1 _ qflnca(,u)).

(bT(nil) (Y) aGJ)\,“ aGJ;\,ﬂ

In particular, (V) = &p(Y).
Proof. By setting ZT(") ={(i,j) € N? | Leg7.(4,j) # @, Ty(j+1) = n}, we have

Or(Y) = @rn (V) ] (1-yFLesten),
(i,5)eLtm

Write T' = (C4,...,Cy), and suppose (i,7) € XT("). Then Tj(j41) = n and n ¢ Cj.
Since A — p are precisely the cells of T labeled n we have (uj;,j) € Cx . By
Lemma 3.3, the result follows. O

Example 4.5. We revisit Example 3.4, where n = 6, A = (9,8,7,6,2,1), and
w=1(9,7,7,3,2). Let T € SSYT¢ be given by the flag of partitions

A(T): ()< ) <(6,3)<(7,6,2) < (7,76,2)<(9,7,7,3,2) < (9,8,7,6,2,1).
Figure 4.1 illustrates the conclusion of Proposition 4.1. One sees that
D¢(T)=25=1+2+0+9+ 13, DE(T)=35=2+5+6+12+10

Furthermore, ®7(Y) = (1 — Y)4(1 — Y?2) = ®7c(Y), as stated by Lemma 4.4.

1(1[1[1]2[2]3]5]5 1[1]1]1]2]2]3]5]5] 1[1]1]1[1]2]3]6]
2|2]23(3]3]4]6]6 2(2]23]3]3]4]6 2[2]2]5]5(5]6
3(3]4l44]4a[5]4]4 3[3]4]4a[4]4(5 3[3]6
4|4]5]6]6l6]6]3]3 4]4]5]6]6]6 44
5/5[615(5|5]2[2]2 5|5 6
6le6[3[2l1]1]1l1]1 16] T

T and T¢ T Tc

FIGURE 4.1. An illustration of the jigsaw operation on tableaux
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4.2. Enumerating lattices by intersection and projection tableaux. We
apply the results of Section 4.1 to compute both fril‘jT(o) and f)"(0) in one motion.

Theorem 4.6. Let T € SSYT,,. Then
(o) = ¢PrMap(g™h),
Pir(0) = ¢Pn Moy (gh) = firpe(o).
Proof. We proceed by induction on n, the case n = 1 being trivial since fﬁ‘T(o) =
P(0) = 1 for T € SSYT;. Assume that n > 1 and that the statement holds
for n — 1. Let T € SSYT,,, and write (A, ) = (sh(T),sh(T(™~V)). Then we have
7TT(U) = f::jT(n,l)(o)ext&I‘,H(o) (Equation (3.12))
= :LHT(H,l)(U)qgap(A’”) H (1 —q_inC“(“/)) (Theorem 3.12)

ae']k,u

= PO DM (g7 T (1 7q*in0a<#’>) (Induction)

aedy,,
=P Dy (¢7h) H (1 — q_i“C“(“/)) (Lemma 4.3)
a€Jdx .
= qD"(T)@T(qfl). (Lemma 4.4)
Since D§(T) = Dy(T°), the statement follows by Lemma 4.4. O

4.3. Proof of Theorem B and Theorem C. We first show that, for T' e SSYT,,,

(4.2) Zne(\(T) = 1_[ Zy o
CeT

Suppose T = (C1,Cs) € SSYT,, is a two-column tableau. Then \*(T') = A*(C}) +
A*(C3), where the C; are treated as one-column tableaux for ¢ € {1,2}. Thus it
suffices to show that (4.2) holds for one-column tableaux T' = (C) for C < [n].

Let k € [n]. Then A\*)(T) = (1)) € Py, where r, = #(C n [k]). Let e; € N&
be the vector with 1 in the ith entry and 0 elsewhere. Then inc(A*)(T)) = e,, and
C(ry) < k. Fora=C(rg) and b = C(ry + 1), setting b = n+ 1 if r, = #C, we have

inc(A@(T)) = incAT(T)) = ... = incAO"V(T)) = e,,.

Therefore, (4.2) follows from the fact that Z<X" (1) = Z, +: see (1.6). Putting
everything together, we conclude that

aff iao(z) _ Z 7illro(o)ZinC(A'(T)) (Equation (3.9))
TeSSYT,,

Z ¢T(q71)qD"(T)ZinC(A.(T)) (Theorem 4.6)
TeSSYT,,

= Y e Y n(qdnw)zn,c)mc (Equation (4.2))

TerSSYT,, (mc)eNT CeT

dn(C)
Nooere )] Zno

e
TerSSYT,, cer L =492 c

= HLSu (g7 (49 Zn0)c ) € Zld) (2).

This completes the proof of Theorem B. (I
Apply Theorem 4.6 to get an analogous proof for Theorem C. (|
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4.4. Proof of Theorem D. We define a ring a homomorphism
Y, :Z[Z] — Z[z,y*']
Zij — y’:i;yifiﬂ lfl s
;Y] if i =n.
We first prove an intermediate equation:
(4.3) HS0,0(@,y) = affS}, (Ya(Zi)1jcicn ) -

Fix a lattice A € £(0") and, for i € [n], let ) = A(D(A) and §; = §;(A). By
Lemma 3.8 we have, for all i € [n],
buivt = AD = AGD] = 375 (ine;(AD) — ing; (A1)
j=1

Convening that yo = 1, this yields

; inc; (A(®)
n n i (3 i : i— J J
5 _ Op—itl _ 21 J(lncj(k( ))—mcj(k( 1))) _ Yn—it1
Yy = | |yz = | |yz = | | 5 :
1 i=1 1<j<isn \ Yn—i

Thus, (4.3) holds by Equation (1.4) and since

j incj-()\(i))
. Yn_ixr1 ino(/\(n))
wlnc(/\(A))yJ(A) _ H < n—it ) H e .
J
1<j<i<n

Yhi 1<j<n
The second step is to show that for all C' € [n], we have
(4.4) zpcyox = You(Zn,c).
Set m = #C. Assume that n € C. In this case,

m—1 C(k+1)—C(k)—1

Tn(Zn,C) = wmyT 1_[
k

k
ynfC(k)fsynfc(k)ferl

—

e=0

—

m—
k —k
=Ty 1_[ Yn—ck)+1Yn—c(k+1)+1 = TmYC*-
k=1

The case where C' € [n— 1] is similar. Thus, (4.4) holds. Applying Theorem B and
(4.4) to (4.3) completes the proof. O

4.5. Proof of Theorem F. Write V = V,(0) = (V;);_,, where V; = o’. The
zeta function (y (s) is a sum over all finite index subrepresentations V' of V. By
assumption 0 < a1(0) < -++ < ap,—1(0"7 1) < 0" is a complete isolated flag, so we
set VO = q;(0?).

Fix a sublattice A < V,,, and set V! = A. For i € [n — 1], a sublattice V/ < o’ is
compatible with V// if and only if a;(V/) € V) A A. Since the ; are embeddings,

n
1=

A determines a canonical subrepresentation VA = (a;l(V(i) N A)) 1- Moreover,

every family (V/ )?:_11 of sublattices of V() A A determines a subrepresentation
V' < VA with V! = A. Since V/ = o’ for all i € [n — 1],

D VT = Glso)
Vi/gviA
Recall that vo = (max(Cy n [i]g))~,; € N™ for C' < [n|. Thus, by Theorem B
=1 , Dy )
n—1 —s; ) n s
DR i | ‘V(i) Ly () mA’ = 3 i) [a M@l
i=1

A<om TeSSYT, i=1
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= affSy', (7% )1<j<i<n)
— HLS,, (q’l, (qd”(c)fvc's)c) :

Putting everything together, we have

n n—1
2 [lems vt 3 [t v

Cv(s) =
A<om i=1 v/igyh i=1
V!I=A
n—1
—s, (¢ (¢ @er) ) T enton
g (g ; ]1 Coi (1)
which completes the proof of Theorem F. (I

5. TABLEAUX AND DYCK WORD STATISTICS

In this section we interpret the leg polynomials ®7(Y) from Definition 1.1 in
terms of Dyck words. Write D for the set of finite Dyck words, viz. words in letters
0 and 1, both with equal multiplicity, with the property that no initial segment
contains more 1s than 0s. We define maps

D:SSYT, - D in Section 5.1, from tableaux to Dyck words,
P: D — Z[Y] in Section 5.2, from Dyck words to polynomials.

Proposition 5.3 expresses the leg polynomial &7 in terms of P(D(T)).

5.1. From reduced tableaux to Dyck words. We first define D on 2-column
tableaux T = (C1,Cy). Set C; = C1\(C1 n Cy) and Cy = Cy\(Cy N Cy). Clearly
a:= #C = #Cy =: b. We obtain a Dyck word D(T) as follows: form a word from
the a + b pairwise distinct elements in CiuCy by writing them in natural ascending
order. Now replace every element of C; by a copy of 0 and every element of Cy by
a copy of 1 and a further a — b (“phantom”) copies of 1. The tableau condition
ensures that D(T') is indeed a Dyck word of length 2a.

To define D on a general tableaux T = (Cy,...,Cy), for £ € Ny, simply con-
catenate the Dyck words for the 2-column tableaux comprising adjacent pairs of
columns of T, in natural order: D(T) = Hf;ll D((Ci, Cit1))-

Example 5.1. Let C; = {1,2,3,4,7,9} and Cy = {2,5,6,8}, and let T = (Cy, Ca).
Figure 5.1 shows, on the left, T together with the Dyck word D(T') = 00011010-11
of length 10. The tableau T also yields the first two columns of the tableau 7" on

the right in Figure 5.1. In fact, D(7”) = D(T) - (001-1) - (0100 - 11). &
1[2 1]2]2]3]
2|5 215|7
316 3168
418 418
L7 L7
9] 9]
D(T) = 0001101011 D(T’) = 0001101011 - 0011 - 010011

FiGure 5.1. Two tableaux and their Dyck words
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5.2. From Dyck words to polynomials. Let w € D be a Dyck word. There exist

unique r € Ng and ¢1,...,4,.,m1,...,m, € N such that w = 021" ... 0 1™". For
k € [r], we define the kth valley and peak via
vally = > (4 —ma), peak;, = my, + vally = mx + Y. (£ —m).
i<k i<k

For m € N, we define [0] = 1, [m] =1 - Y™, and [m]! =[]}, [j], and set

(5.1) P:D—Z[Y], w— [] [peal, ]

One may picture the Dyck word w as a mountain range, where 0 is a line segment
with positive slope and 1 is one with negative slope. Thus, w consists of r peaks at
altitudes peak,,, separated by r — 1 valleys at altitudes vall,. Note that vall, = 0
by definition. The factors of the product in (5.1) correspond to the negative slopes
of w, weighted by their altitudes. The mountain range in Figure 5.2, for instance,
has three such segments at height 2 and one each of heights 1 and 3, whence

P(0001101011) = (1 —Y)(1 - Y?)3(1 = Y?).

Fi1cURE 5.2. The Dyck word 0001101011 as a mountain range

Definition 5.2. For T' = (C4,...,Cy) € SSYT,,, define the phantom factor
-1
phang(Y) = [ JI(#Cs) — (#Cer))]! € Z[Y].

s=1

For the tableau T” on the right in Figure 5.1, for instance, we find phany, (V') =
(1 —Y)3(1 — Y?)2. Indeed, the three relevant column pairs yield the respective
factors [2]!, [1]!, and [2]!.

Proposition 5.3. For all T € SSYT,, we have
P(D(T))/ phany(Y) = @7 (Y).

Proof. From Definition 1.1, it suffices to show that the statement holds for tableaux
with at exactly two columns, so assume that T' = (C1, Cs). Likewise, the leg poly-
nomial of T is clearly oblivious of common elements of C; and Cs. In other words,
we may also assume that C, = C; and Cy = Cy are disjoint sets of cardinalities
a = #C1 = #C5 = b, say. We observe further that the leg set

ZLr={(i,1)€ N? | Legh (i, 1) # @} ={kelb]| Ca(k) > Cr(k)}

is in bijection with the factors defining P(D(T)) bar the final a — b factors, which
define [peak,]! = phany(Y). The remaining factors correspond to the negative
slopes of the mountain range associated with the Dyck word D(T) = 0% ...1™"
indexed by the copies of the letter 1 outside the final factor 1. Each of them
corresponds to a leg whose length # Leg;(i, 1) is exactly the altitude of the corre-
sponding negative slope. Hence P(D(T")) = ®7(Y) phany(Y') as claimed. O

Example 5.4. The factor (1 —¢~')® of f{"/(0) in Example 3.9 and of f7.(0) in
Example 3.16 reflects the fact that P(D(T)) = P(010101) = (1 — Y)3. &
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6. REDUCED TABLEAUX AND BRUHAT ORDERS

In this section we portray the Hall-Littlewood—Schubert series HLS, (Y, X) as a
Y-analog of the fine Hilbert series of a Stanley—Reisner ring of a simplicial complex.
To explain this vantage point we define, in Section 6.1, a poset structure T,,, called
the tableau order, on the power set of [n] that models adjacency of label sets of
columns in tableaux and refines the set-containment relation. In Section 6.2, we
show that T,, is isomorphic to a parabolic quotient of the hyperoctahedral group B,,
under the Bruhat order. Its order complex A(T,,) is isomorphic to rSSYT,,. Using
this and results from Bjorner—Wachs [3], we prove some topological properties of
A(T,) in Section 6.3, culminating in the proof of Theorem 1.13 in Section 6.3.1.

6.1. Tableau order on 2["l. We define a partial order on 2"l as follows. Given
non-empty A, B € [n], we write A C B if there exists a 2-column tableau whose
first column comprises the elements of A and whose second column comprises the
elements of B. We write A C & for all A < [n]. We call C the tableau order
on 2[" and set T,, = (2["\{@},C). We write I C J if I C J and I # J. We note
that, for C,D < [n], C C D if and only if [n]\D C [n]\C. Figure 6.1 gives the
Hasse diagrams for T,, for n € {2,3,4}.

1
3

2 234
2 1 23 134

13 124
1 12 123
12 123 1234

n =2 n=3 n=4

FIGURE 6.1. Hasse diagrams for T,, for n € {2,3, 4}

Let P be a poset. The order complex of P, written A(P), is the simplicial
complex whose simplices are the flags of P.

Lemma 6.1. The posets A(T,) and rSSYT,, are isomorphic.

Proof. The columns of a tableau T = (C1,...,C¢) € rSSYT,, form, by definition of
T,,aflagC; C Cy C --- C Cy. Conversely, every such flag yields a reduced tableau
(C1,...,C¢). The bijection is clearly order-preserving. O

Remark 6.2. We leave it to the reader to verify that, given 7' € rSSYT, we have
&7 = 1if and only if the columns (Cy,...,Cy) of T form a flag C1 2 Co 2 -+ - 2 Cy.

Let (P, <) be a poset and xz,y € P. We say that = covers y if x < y and
r < z < y implies z = x. We call such a y an upper cover for z. If C;C" € T,

such that C” covers C, then we write C C C'. We characterize all upper covers in
T, in Proposition 6.4.

Let C € T, and let 1 < a < b < n such that C' contains the interval [a,b] =
{a,a+1,...,b}. The latter is isolated in C if both a—1 and b+ 1 are not contained
in C. For example, C' = {1,2,3,5} € T5 has exactly the two isolated intervals [1, 3]
and [5,5]. Assume that [a,b] is an isolated interval in C' € T, \{{n}}.
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Note that every C' € T,, allows a unique decomposition

(6.1) C = | Jas 0]

as a disjoint sum of isolated intervals, for uniquely determined k € N and 1 < a; <
by <bi+1<as <by <- - <ag <bg <n. The elevation of C at [a,b] is

Cup = (O\(B}) U {b+1}) N [n] € To.
For C' = {1,2,3,5} € Ts, the two elevations are Cys = {1,2,4,5} and Css = {1,2,3}.
Lemma 6.3. Let C = [a,b] € T,\{{n}}. The unique upper cover for C is Ciy.

Proof. Observe that C C CA'ab. Let C' < [n] such that C C C' éab. We have two
cases depending on whether b = n or not.

First we assume that b # n. We have two additional cases based on whether
#C — #C'" is 0 or 1. Assume first that #C — #C’ = 1. Since C C ' and
min(C) = a, it follows that [a, #C' + a — 1] T C’. But Cyp C [a, #C" + a — 1],
which is a contradiction. Hence, #C — #C’ = 0. Let k = #C, and for all i € [k],
(6.2) Ci) < C'(4).

Assume via contradiction that C' # C’, so there exists some ¢ € [k] such that (6.2)
is strict. It follows that C'(k) = b < b+ 1 < C’(k). Therefore, Cap C C’, which is a
contradiction. Thus, C' = C’ in this case, so that CA‘ab is the unique cover for C.
Now we assume that b = n. It follows that #C — #C’ = 1. Since min(C) = a,
[a,#C" +a— 2] C C', but a = n — #C + 1, implying that Cu T C’. This is a
contradiction, so CA‘ab is the unique cover. (|

Proposition 6.4. Let C € T,\{{n}} be as in (6.1). For each i € [k], we have

C |i <éai,bi L U[aj,bj],>

J#i
and all upper covers of C' in T, are of this form.

Proof. This is a simple induction on k, the base case being Lemma 6.3. O

6.2. Bruhat order on B,E"il]. Let (W,S) be a Coxeter system, so that W is
a Coxeter group with simple reflections S. Let £ = fy be the (Coxeter) length
function. Let w,w’ € W, where w' has reduced expression s --- s, for elements
s; € S, so in particular (w') = a. We write w < w’ if there exists a reduced
expression w = §;, - -+ 85, with {i1,...,9}< < [a]. The relation < on (W, S) is the
Bruhat order; see, for instance, [3, Sec. 2.3] (“subword property”).

The hyperoctahedral group B, is a Coxeter group generated by simple reflec-
tions S = {sq, ..., sn—1} satisfying the relations

(s051)* = (sisi41)° = (sjs1)° = 57 =1

for all i € [n — 2] and j,k € [n — 1] with |j — k| = 2. We relations of the form
(sjsK)% = 1 “commuting relations”. The group B, is isomorphic to the group of
signed n x n-permutation matrices: indeed, for i € [n— 1], we may think of s; as the
matrix transposing i and i + 1; the reflection sg may be represented by the diagonal

matrix diag(—1,1,1,...,1). In Lemma 6.6 we describe the parabolic quotient
BIP=t — fwe B, | Vie[n—1], {(w) < l(ws;)};
see [2, Lem. 2.4.3]. In [23], elements of w € B are called ascending matrices

by dint of their defining property w(1) < --- < w(n).
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To this end we define elements wy, ..., w, € B, by setting w; = sg and wg4+1 =
spwy for ke [n—1]. For I = {i1,...,ip}< S [n], set wr = w;, -+~ w;,.

Lemma 6.5. For I C [n], the word wr is a reduced expression.

Proof. Since each simple reflection appears in the word w; at most once, wy is a
reduced expression for all I < [n] with #I < 1.

Let 1 < i < j < n. We show that we cannot apply the relation s; = 1, for
k € [n], without increasing the length of the word w = w;w;. Since w; is a reduced
expression, by just applying commuting relations we have

w = 81/71 DY Sosj71 DY SO p— 5171 DY 818‘771 DY 82808180
(6.3) = S8j—1°"525j—1" 535152505150 = ...
= Sj-1""" Siv1(8i—18i) - (Sk—15k) - - (5051)50-

For all k € {3,...,i}, we have reduced expressions of the form sj_1skSk—25k—1 and
s0s180 in (6.3). Hence, for all I < [n], we cannot apply the relation s? = 1 without
increasing the length of the expression for wy.

Let 1 < i< j <k < n. We show that we cannot apply (s,s,4+1)> = 1 without
increasing the length of w = w;w;ws. By using the commuting relations and (6.3),
we have

W = WiSk—1 " '5j+1(5j715j) T (8051)50
= Sk—1""" 5j+1(5j715j) ce (5i+15i+2)wi(5i5i+1) T (8051)50
= Skg—1""" Sj+1(8j—18j) ce (5i+13i+2)(5i—13i3i+1) te (808182)(8081)50-
For each r € {1,...i — 1}, we have expressions of the form
Uy 1= (SrSp418r+2)(8r—18r8r11)(Sr—28r—181),

where s_; = 1. We cannot apply either (s,s,41)®> = 1 or (s,_15,.)> = 1 to the
expression w, without increasing its length. Hence, u, is a reduced expression, so
we cannot apply (s,s,11)° = 1 relation to wy for all I € [n] without increasing its
length. The argument concerning (sgs1)* = 1 is similar. (]

Lemma 6.6. We have
Bl = {wr | I < [n]}.

Proof. Let k € [n]. Since each wy ends with sg, it follows that £(wgs1) > £(wy).
For i e [n—1] and ¢ > k + 1, the reflection s; commutes with all s; for j € [k —1]o,
so l(wys;) > L(wy). Lastly for all ¢ € [2,n— 1] n[k], the reflection s; commutes with
all but at most two letters in the word wy = sip_1--- 5180, namely s;_1 and s;11.
Thus, (wgs;) > £(wy) since

WES; = Sk—1"""Si+15i5i—15iS—2 """ 5150 = Sk—1 """ Si+15i—15iSi—15i—2 *** 5150

= S;—1Wg.
By Lemma 6.5, all the w; are reduced expressions. The lemma follows. (I
The restriction of the Bruhat order on B,, to B,[ln_l] defines a partial order. In

particular, wy; < -+ < w,. In the next proposition we relate T,, with B,[n — 1] by
means of the set involution g : 2"l — 2" T — {n —j 4+ 11 e [n]\I}.

Proposition 6.7. The map o« : T, U {T} — Bl given by I — wypy is an
isomorphism of posets.

Proof. Since g is a bijection and by Lemma 6.6, the map « is a bijection of sets.
It remains to show that « is order-preserving. Suppose C' C D, so [n]\D C [n]\C.
Then there is an embedding ¢ : g(C') — g¢(D) such that «(z) > x for all z € g(C).
Hence wy ¢y < wy(p), $0 « is an order-preserving isomorphism. (Il
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6.3. Combinatorial and topological properties of T,. Theorem 1.13 asserts
that |A(T,)| is Cohen-Macaulay over Z and homeomorphic to an (("}') —1)-
ball. We prove it in Section 6.3.1. In Section 8 we use it to describe properties of
specializations of the bivariate coarsening HLS,, (Y, (X)¢) at special values of Y.
A finite poset P is graded if it has a unique top and bottom element and all
maximal chains have the same cardinality. The rank of a finite graded poset is one

less than the cardinality of a maximal chain linking bottom and top elements.

Proposition 6.8. The poset T,, is graded of rank (";1) —1.

Proof. By [3, Chain Property 2.6] and Proposition 6.7, T,, is graded. Observe that
l<w < - - <wWp <W Wy < - < Wpe1Wp < -+ < W7y - Why,

where 1 € B, is the identity, is a maximal chain in B,[I"_l] with cardinality (";1) +1.

By removing the top element from T,, U {&}, the statement follows. O
A tableau T € rSSYT,, is maximal if it corresponds to a maximal flag under
the isomorphism in Lemma 6.1. Recall the flag of partitions A*(T) = (A() (T))Z.E[n]
associated with T'; see (2.2). The following result asserts that T' is maximal if and
only if every integer between 1 and (";1) is a part of some member of this flag.

Proposition 6.9. Let T € rSSYT,,. Then T is maximal if and only if

(6.4) {A@(T)‘ie[n],je[i]}:{1,...,(";1)}.

Proof. Suppose (6.4) holds. Note that /\gn) (T') is maximal among the parts /\gi) (T).
Since T is reduced and )\gn)(T) = ("71), it follows that T is maximal.

Suppose T is maximal. Assume, for a contradiction, that some of the parts /\gl)
coincide. By definition this means that there are 4, j, d € N such that Tj; < Tj41)
and T(i1aqy; < T(i4d)j+1)- In other words, there exist rows i and i + d whose
entries in the jth column are both strictly larger than their respective neighbors
on the right. Write C' = (Tj;); for the ith column of T' and C" = (T}(;41)); for its
neighbor on the right. By definition we have C' = C’. Tt is easy to verify that the set
C = {le, v Tigy Tivny; + 1L, Tagy; + 151 }m[n] refines this chain: C = C C C".

But this contradicts the maximality of T', which implies C' = C”. So (6.4) holds. O

—
—

1[2[3]

—
—

1]2[3]

[es[ro]=

[es[ro]=

FIGURE 6.2. The two maximal tableaux in rSSYT5 =~ A(T3)

To count maximal flags in A(T,,), we consider Gelfand—Tsetlin patterns, which
are known to be in bijection with tableaux. For our purposes, a Gelfand—Tsetlin
pattern of degree n is a lower-triangular matrix A = (a;;) € Mat,, (Np), satisfying
aij < Q(i+1)j < Agip1)(j+1) for all relevant values j < i. We write GT,, for the set
of all Gelfand—Tsetlin patterns of degree n.

The first part of the following result is well-known. It asserts that a Gelfand-
Tsetlin pattern records, in its (n — ¢)th off-diagonal, the parts of the ith member
the flag of partitions of a unique tableau, and all tableaux arise in this way.

Proposition 6.10. The map
(6.5) I:SSYT, —> GT,, T+ (A“H“)(T))

ntlor re[n],se(r]
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is a bijection and maps reduced mazimal tableauzr to Gelfand—Tsetlin patterns whose
set of entries {a;; | 1 < j < i < n}is {1,...,("3")}. The number of reduced
mazimal tableauz is

n n—1

("3)!-TTazi (a)

[T=: ((20=1)1)

Proof. That T is a bijection follows from [22, Sec. 7.10]. The second claim follows
from Proposition 6.9, and [25, Thm. 1] yields the final statement. O

(6.6)

The sequence defined by (6.6) is OEIS-sequence A003121 [19]. Figure 6.3 exem-
plifies the bijection in Proposition 6.10.

—
—
—
—

2[2[3]3]

[\
w

2
5 7 9

FIGURE 6.3. A tableau in SSYT3 and its corresponding Gelfand—
Tsetlin pattern in GTs.

For A = (a;j) € GT,,, we define the polynomial
a(Y) = [ [ =YH)%,
k=1

where d, is defined as the number of pairs (i, a) € [n] x Ny such that a occurs & times
in the (i—1)th off-diagonal of A and k—1 times in the (i —2)th off-diagonal of A. The
polynomial ¥ 4(Y) is defined in [6, (3)] and written as p4. Observe that the set of
pairs (i,a) for a fixed k € [n] are in bijection with {(i, j) € Zr | #Legf (i, j) = k}.
This proves the following lemma.

Lemma 6.11. WithT': SSYT,, —» GT,, as in (6.5), for all T € SSYT,,,
Or(Y) = Vpny(Y).

Feighin—-Maklin establish a formula for the Hall-Littlewood polynomial Py (x;t)
associated with a partition A € P, in terms of the polynomials ¥,. We write
GT) for the set of Gelfand—Tsetlin patterns corresponding to tableaux of shape A.
For A € GT) we write wt(A) = wt(I'"*(4)) = (w1,...,wy,) for the weight of the
corresponding tableau and set 2**(4) = g4 ... 2%~ We have ([6, Thm. 1.1])

(6.7) Pa(m;t) = . )V,

AEGTX
6.3.1. Proof of Theorem 1.13. For n = 1, the statement follows since Ty = {{1}},
so we assume n > 2. By Proposition 6.7, T, u {&} =~ B,E"_l], where J =
{s1,...,8n—1} © S. By [3, Thm. 5.5], the Stanley—Reisner ring of A(T,) over

Z is Cohen—Macaulay; hence |A(T,,)| is Cohen—Macaulay over Z.
[n—1]

For w,w' € By, , We write
[w,w']” ={ze Bl |w<z<w}, (w,w')” = [w,w']"\{w, w'}.

By Proposition 6.7, T,\{[n], {n}} is isomorphic to (1, wows---wy)?. This open
interval is not full in the sense of [3, Sec. 4] because s2 € (1, wows - - - wy,). Moreover

(wows - - wy) — £(1) = <”; 1) —1


https://oeis.org/A003121
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By [3, Thm. 5.4], |A(T,\{[n],{n}})| is homeomorphic to an ((";1) — 3)-ball. Thus,

|A(T,)| is homeomorphic to an ((";1)

of |A(T,\{[n],{n}})| by the 1-simplex.
Proposition 6.10 now completes the proof of Theorem 1.13. (I

— 1)-ba11 since it is obtained from the join

7. SYMPLECTIC HECKE SERIES

In Section 7.1 we prove Theorem E, showing that the Hecke series H, , are
instantiations of the Hall-Littlewood—Schubert series HLS,,. In Section 7.2 we apply
a result of Macdonald to obtain a surprisingly simple product expression for these
specific substitutions.

7.1. Proof of Theorem E. Write ¢—* for (¢~**,...,¢ ). Then we have
Hoo(q%,¢V 750 Z) = 7(50, 815+ -, Sny Z) (Equation (1.8))

oD P(a a7t (V)" ([12, V.5. (5.2)))

AEP, m=)A

1 o Y
= —=— 7 P,\(q s;q 1) (qN 502)
L—ghmz A;n
= ﬁ NS Walg g (¢V 0 2)™ (Equation (6.7))
-4 AP, AcGT,
(n)
R qjlvfsoz @ g e (@ 2) T (Lemma 6.11)

TeSSYT,,
qN_SO_ZieC Siy

1 —1
= —1 — qusOZ Z (I)T(q ) 1_[ 1— qN*S()*ZieC siy

TerSSYT,, CeT
1 3
BT A ((fl, (qN‘5°Z [ q“”)) : (Definition 1.2)
ieC
Substituting X = ¢¥=*°Z and x; = ¢~% for i € [n] finishes the proof. O

7.2. Symplectic Hecke series at X = 1. The rational function H,, ,(x, X) is, for
general n, very far from a product of “simple” factors; see, for instance, Example A.3
for n = 3. The next result, essentially due to Macdonald, states that setting X =1
yields a neat factorization. Recall that we set ¢ = [[,. i for C < [n].

Proposition 7.1 (Hecke series at X = 1). Set zg = 1. For all cDVR o with residue
field cardinality q we have

[icicjen (1 =g taizy)
Hn1 m,X 17X .= HLSn (]717 xc — <IN
(Hn.o (2, X) ( Nlx-1 (¢ (xc)c) o=

Proof. For a partition A, let Py(x;t) be the Hall-Littlewood polynomial. Then
HLS,. (¢!, (zc)c) = (Hno (2, X) (1 — XNl x_y (Theorem E)

= > Pa(mig™") (12, V.5. (5.2)])
AEP,

(1 —q oz
_ hsigend = miy) (112, TIL5. Bx. 1),

Hosiqgn(l — zT;5)

Since the equalities hold for infinitely many prime powers ¢, the result follows. [

Remark 7.2. Proposition 7.1 may be seen as a ¢~ !-analog of a classical formula

known as Littlewood identity; see [12, p. 76]. We write s)(z1, ..., x,) for the Schur
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polynomial associated with the partition A € P,. Taking the limit ¢ — o0 in
Proposition 7.1, we obtain the following result due to Schur.

Corollary 7.3. We have
1
M osa(@) =HLS, (0,(zc)o) = Y.« @ =[]

1— a2,
AEP, TeSSYT,, 0<i<j<n Tij

In a similar vain, Proposition 7.1 generalizes a number of identities for generating
functions enumerating tableaux T by statistics that factor over their weight wt(T).

8. COARSENING HALL-LITTLEWOOD—SCHUBERT SERIES

We write HLS,,(Y, X) = HLS,, (Y, (X)c¢) for the bivariate rational function ob-
tained by coarsening the variables X to a single variable X for all non-empty
C < [n]. In this section we focus on (fine and coarse) instances of Hall-Littlewood—
Schubert series at the special values Y =0,Y =1,and Y = —1.

8.1. HLS,, at Y = 0. The starting point of this section is the observation that the
Hall-Littlewood—Schubert series specializes to a fine Hilbert series of a Stanley—
Reisner. Let SR,, = SR(A(T,,)) be the Stanley—Reisner ring over Z of A(T,,) and
Hilb (SR, (X¢)¢) its fine Hilbert series. A general reference to Stanley—Reisner
rings and their Hilbert series is [21, Ch. II].

Lemma 8.1. We have

Hilb (SRn, (X)) = HLS, (0, (Xc)o) -
Proof. Annihilating Y in HLS,, (Y, X) has the effect of effacing the leg polynomials
®7(Y) in the sum defining HLS,;:

HLS, (0,(Xc)e) = >, |1

TerSSYT, CeT

Xc
1— Xo

The claim follows from Lemma 6.1. O
We now consider HLS,, (0, X), the coarse Hilbert series of SR,,.

Proposition 8.2. Write r = (";1) There exist hy o, ..., hnr € Ng such that

_ Do b X S ()T (e
(8.1) HLS,, (0, X) = (1iX)T , z;hm— HRCEIR

Moreover, hpo =1 and hp 1 =2" —1— (ngl)

Proof. By Theorem 1.13, SR,, is Cohen—Macaulay over Z, so by [21, Cor. 11.3.2]
there exist hp0,. .., hnr € Ng such that

Zzzo hn,zXZ

(1-Xx)
For the second equation, note that hy, o + - - - + hy, , is the number of maximal flags
in A(T,); see for example [21, p. 58]. Theorem 1.13 yields their count. The last
two statements follow from trivial general statements about h-vectors of simplicial

complexes: T, has cardinality 2” — 1 and rank (";1) — 1; see Proposition 6.8. O

HLS,,(0, X) = Hilb (SR,,, X) =

We expect that HLS,, (0, X) has further interesting features reflecting algebraic
properties of SR,, and topological properties of A(T,,):

Conjecture 8.3. Use the notation of Proposition 8.2 and set k = (";1) Then
(i) hni>0 forallie[k]o and hp i1 ="+ = hpr =0;
(ZZ) hn,i = hn,kfi fOT all i e [k]o
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Conjecture 8.3(i) suggests that the essential topological information about A(T,,)
is captured in a lower-dimensional simplicial complex than shown in Theorem 1.13.
Conjecture 8.3(ii) hints at a Poincaré duality of sorts: this lower-dimensional sim-
plicial complex is homeomorphic to a sphere and its associated Stanley—Reisner ring
is Gorenstein. The following data provide evidence in favor of Conjecture 8.3. Like
all other computations discussed here they were performed using SageMath [24].

Example 8.4. The following is the evidence we have for Conjecture 8.3:

HLS (0, X)(1 - X)' =1,

HLS2(0, X)(1 — X)? =

HLS3(0, X)(1 — X)% =1+ X,

HLS4(0, X)(1 — X)) =1 +5X +5X% + X3,

HLS5(0, X)(1 — X)) =1+ 16X + 70X* + 112X° + 70X* + 16X° + X°,
HLS6(0, X)(1 — X)?! =1 + 42X + 539X 2 + 2948 X3 4 7854X* + 10824 X°

+ 7854X° + 2948X7 + 539X° + 42X 4+ X 10, o

8.2. HLS,, at Y = 1. In Section 8.1, we substituted 0 for Y, effectively effacing
®p for all T € SSYT,,. By substituting 1 for Y instead, we turn &7 into an
indicator function, deciding whether or not the columns of T form a flag under
set-containment. These flags are also known as weak orders. They are in bijection
with the faces of the barycentric subdivision of an n-simplex.

More precisely, let A,, be the simplex with vertex set [n] and sd(A,,) its barycen-
tric subdivision. The weak order zeta function (cf. [17, Def. 2.9]) is

I;°(Xo)erocm)) = Hilb(SR(sd(An)), (Xc)e)

(82) = 3 o f?{c eQ(X).

@#Cic--cCpS[n] =1

For each n € N, the nth Eulerian polynomial is E,(X) =3} g Xdes(w)  where

Des(w) = {i e [n—1] | w(i + 1) < w(i)} and des(w) = #Des(w) and S,, is the
symmetric group on [n]. See [15, Ch. 1].
Proposition 8.5. We have
I7°((Xc)e) = HLS, (1, (X¢) ) -

In particular,

En (X)

(1—X)"
Proof. Let T € rSSYT,,. It suffices to observe that ®7(Y") is divisible by 1-Y if and
only if the columns of T do not form a flag of subsets under set containment. Oth-

erwise ®p(Y) = 1. This follows from combining Remark 6.2 with Proposition 5.3.
The second claim follows from [15, Thm. 9.1]. O

= HLS,(1, X).

8.3. HLS,, at Y = —1. Perhaps the most surprising phenomena we observe occurs
when we substitute ¥ with —1 in HLS,, (Y, X). Whereas with the other two sub-
stitutions to 0 and 1 we could draw upon knowledge of the simplicial complexes
A(T,) and sd(A,,), there does not appear to be a simplicial complex associated
with the substitution to —1; see Example 8.9. Nevertheless, HLS,,(—1, X) seems to
have a number of remarkable properties, which we record in Conjecture 8.7.

The special value ®1(—1) is, for any tableau T', either zero or a power of 2.

Problem 8.6. Characterize the class of tableaux T satisfying ®r(—1) = 0.
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A solution to this problem might be analogous to the partition-theoretic char-
acterization of the vanishing of the Hall-Littlewood @ polynomials Qx(x;—1) at
t = —1 in terms of the Hall-Littlewood polynomials Py (z; —1); see [12, TI1.8 (8.7)].

Conjecture 8.7. Letr = (";1) There exist h,, g, ..., h, .1 € No such that

r—14— I3 r— n
HLS,,(—1, X) = 2o h,, i X 7 ih;i _ . (2)! .
(1—X)r -0 H? 1 (20 = 1)

and h, ; =2" -1~ ("51). Moreover, h,, . =0 if and only if (n,i) = (2,1).

Remark 8.8. The sum of the h,, ; in Conjecture 8.7 appears to coincide with the
number of maximal chains in the poset of Dyck words of length 2(n + 1), ordered
by inclusion. Woodcock enumerated these paths in her PhD thesis and provided a
bijection of these maximal paths to standard Young tableaux in staircase tableaux;
see [29, Sec. 4.3 & 4.4] and OEIS-sequence A005118 [20].

Example 8.9. The following is the evidence we have for Conjecture 8.7.

HLS: (-1 X)(1-X) ' =1,

HLS,(— 1,X)( -X)3¥=1+X2

HLS;(—1,X)(1-X) * =1+ X +6X? +6X° + X* + X°,

HLS4 (=1, X)(1 = X)) =1+ 5X +32X? + 120X° + 226 X* + --- + X?,
HLS5(—1, X)(1 — X)) = 1 + 16X + 179X? + 1568 X3 + 8545 X *

+ 30448 X° + 63979X°% + 83392X7 4 ... 4+ X4,

By Macaulay’s theorem [21, Thm. I1.2.2], these polynomials are not h-polynomials
of simplicial complexes, except in the case of n = 1. &

9. HALL-LITTLEWOOD—SCHUBERT SERIES AS p-ADIC INTEGRALS

In this section, we explore Hall-Littlewood—Schubert series from the perspective
of p-adic integration. It allows us to connect these series, in Section 9.1, to integrals
over p-adic symplectic groups and to pro-isomorphic zeta functions of nilpotent
groups. We use it to simplify some of the delicate work in [1]. In Section 9.2 we use
a different expression of HLS,, in terms of p-adic integrals associated with Igusa’s
local zeta function to prove Theorem A.

9.1. Symplectic integrals and zeta functions of groups. We show that Hall-
Littlewood—Schubert series specialize to p-adic integrals associated with symplectic
groups and thus to pro-isomorphic zeta functions of nilpotent groups. We start
with the former.

For a non-archimedean local field K, we denote by GSps,, (K) the set of integral
invertible elements in the group of general symplectic similitudes over the non-
archimedean local field K. Let u be the Haar measure on GSpy, (K) such that
u(GSps,,(0)) = 1 for the ring of integers o of K, and let | - |, be the p-adic norm.
Recall maj(C) = >, i. The next result is essentially due to Macdonald.

Theorem 9.1. Let K be a non-archimedean local field, with ring of integers o with
residue field cardinality q. Then

, 1 ; ,
J. |det A|; d/J/ _ fnsHLSn (q—l, (qmaJ(C)—ns) ) .
GSp}, (K) I—¢q c
Proof. The integral in the statement is equal to the zeta function ((s,wt,) defined
in [12, p. 303], where wy, is the trivial spherical function given by (so, $1,...,8n) =
(N,—1,-2,...,—n); see Satake’s calculations [16, App. 1, 4]. Note that ((s,w),
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for an arbitrary spherical function w, is defined in terms of the nth root of the
determinant. By Macdonald [12, p. 304] and (1.8), we have

J- |det Alpdp = 7(N,—1,...,—n,q ") = Hoolg, ..o g™, a7 ™).
GSp3, (F)

The statement follows from Theorem E. O

Now we apply Theorem 9.1 to zeta functions of groups. Write H,, for the n-fold
centrally amalgamated product of the Heisenberg group scheme H. Let F be a
number field of degree d with ring of integers 0. For a non-zero prime ideal p €
Spec(0), we write O, for the completion of O at p, and F}, for the field of fractions
of Op. The O-rational points of H,, can be identified with the set

1wt w
Id,, v u,ve O" we O i < GL,42(0).
1

The abstract group H,,(O) is a finitely generated nilpotent group.

Introduced in [8], the pro-isomorphic zeta function (4 (s) of the finitely generated
nilpotent group G enumerates subgroups H < G such that H and G have the same
profinite completions.

Corollary 9.2. Let F' a number field of degree d with ring of integers O. Writing
gp for the cardinality of the residue field of Op, we have

A 1 -1 maj(C)+2dn—(n+1)s
G;_[n(o)(s) = 1_[ 1 2dn—(n+1)s ) HLS” (qp ) (qp )C) :
(0)#peSpec(O) + — 9p

Proof. Let p, be the Haar measure on GSpy,, (Fp) such that u,(GSps,,(0p)) = 1
for non-zero p € Spec(O). By [1, Prop. 5.4],

1)s_
|det AT T g

G () = f
© GSpy, (Fp)

(0)#peSpec(O)
The result follows by Theorem 9.1. O

Berman, Glazer, and Schein show in [1, (42)] that the following lemma holds
using essentially [1, Lem. 5.7] whose proof uses a delicate combinatorial argument.
With our framework, we can simplify their argument.

Recall that S, is the Coxeter group of type A,,_1, whose Coxeter length function
we denote by £. Recall Des(w) < [n] from Section 8.2 for w € S,,.

Lemma 9.3. Let K be a non-archimedean local field, with ring of integers o with

n+1)7(i+1

residue field cardinality q. For X; = q( 2 2 )7”5, we have

—L(w) X.
w q % w ¢
J |det A|; d,LL _ Z €Sy _ 1_[ e€Des(w)
GSp, (K) [Timo(1 — X5)
Proof. Tt is well-known that
ZweSn q—f(w) HieDes(w) Xi 1 -1
1,01 - X, 1— Xo ielnl

see, for instance, [18, Rem. 3.12]. Note that the Hecke series 7(so,...,Sn,Z) is
By -invariant (see [12, p. 302]). Therefore, by (1.8) for all w € S,, and k € [n],

Hn,a(xw(l), . 7xw(n)a X) = Hn,U(IB, X),

(9.1) _
Hpo(z1, ... ,:I:k_l,xkl,xk+1, ey T, 2 X ) = Hp o (2, X).



36 JOSHUA MAGLIONE AND CHRISTOPHER VOLL

Hence, we have

1 .
J |det Aly du = ————HLS,, (qil, (qmaj(c)*"s) ) (Theorem 9.1)
GSpi, (K) L—g™ c
= Hn,o(qla q23 teey qna q_ns) (Theorem E)
= Hn,a(qilv q727 R qinv q(ngl)ins) (Equation (91))
— 1 ( maj([n]\C)—ns
e HLS,, (q , (q )C) (Theorem E)
_ I (q_l (Xi), ) (Corollary 1.9) O
1-Xp n ’ v)ig[n] ) * .

9.2. Functional equations. As before, fix n € N and a ¢cDVR 0. Let s =
(sc)zzccn) be complex variables. For T e SSYT, and C < [n], we write
mr(C) € Ny for the multiplicity of C' as a column of T. In Lemma 9.4 we express
mr(C) in terms of the parts of members of the flag of partitions A*(T") associated
with T; see (2.2). These expressions, in turn, we formulate in terms of rational
functions which inform the integrand of the p-adic integral (9.4).

Let z = (zij)1<i<j<n be indeterminates and let = € Tr,(Z[z]) be the upper-
triangular (n x n)-matrix with entries z; for all 1 <4 < j < n. For k € [n], write
Z(*) for the lower-right (k x k)-submatrix of Z. For each £ € [n], let pgk) c Z[z] be
the set of £ x £ minors of 2*). Note that pgk) comprises homogeneous polynomials of
degree / in the variables {z;; | n—k+1 <i < j < n}. Set p§"+1) = péo) ={1} = P@n
for all £ € Z, k € N, and m € Nj.

n+1

Let dp be the unique normalized Haar measure on o("s") = Tr,, (0) such that
n+1

u(o( 2 )) = 1. For a finite set X < o, let

vp(X) = min{vy (f) : f € A}, |X] = max{|f]p : f € X} = ¢,
where v, and |- |, are the p-adic valuation and norm, respectively. For sets S, S’ <
Z|z],let S-S ={s-s'|seS s €85} Weuse [] to denote products of several
factors. Recall that, given C' < [n], we write C'(k) for the kth-smallest element of ¢,

and that C(#C+1) = n+1. Informally speaking, we extend C by the element n+1.
We further define four sets of polynomials in Z[z]:

#C #C
num __ (C(k)) (C(2) den __ (C(k))
n,C = U Pek)~k+1 H Pcwy=e |> Ryc = 1_[ Pek)—k>
k=1 Ce[#C\{k} k=1
#or (C(k)—1) (C(6)-1) #C+1(() )
num C(k)—1 c)—1 den C(k)—1
92) Lyg = PC(k)—k~1 I1 Powy—¢ | Imc = [T réwse-
k=1 Ce[#C+1\{k} k=1

For a matrix M € Tr,(0) and a set S < Z[z], we write S(M) < o for the evaluation
of the polynomials in S evaluated at M. We fix a basis for 0™, so that A(M) < o™
is the lattice generated by the rows of M for M € Tr, (o).

Lemma 9.4. Let M € Tr,(0) be non-singular and T = T*(A(M)) € SSYT,,. For
C e T we have

mr(C) = vp(RyE (M) + vp (L8 (M) — vp (R (M) — v (Lye(M)).
Proof. Let
r = min {)\éc(k))(T) ‘ ke [#C]} ,

¢ = max {A,QCW—”(T) \ ke [#C + 1]} .
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With this terminology, the first occurrence of C' as a column of T is in column ¢+ 1,
the last in column r. Hence my(C) = r — £. For k € [n] and i € [n + 1] we have

AT = 0y (0,41 (M) — vy (o7 (M),
The lemma follows as
(C(k))

q—’l‘ — pc(k)7k+1(M) k/’ c [#C] HRnum M)H
Py (M) R
(C(k)—1) num,(
/= pow k1 (M) | #C 1 1] _ |zmEen| -
B " Jezmon)
For T e SSYT,,, let
| L (M)| || mye (M)

—mrT (C)

My 1(0) =3 M e Tr,(0) | Vo # C < [n],

iz [rezan]

By Lemma 9.4, this is the set of matrices M € Tr, (o) such that T*(A(M)) = T.
We obtain a disjoint union

(9.3) Tro(0) = ||  Mux(o).
TeSSYT,
Recall the definition of the weight wt(T") = (w1, ...,wy) in Section 2.2.

Proposition 9.5. For T € SSYT,, we have

(M1 (0) = filp(0) - (L —g M) [ Ja i+

i=1

Proof. We note that, for a lattice A with Hermite composition (d1, ..., d,), we have
1 (M € Tra(o) | AQM) = A}) = (L—q~1)" [ [~
i=1
If A has intersection tableau T' = T'*(A) of weight (w1, . .., w,) and M € Tr, (o) with

A(M) = A then §; = wy—;41 for all i € [n]. The claim follows as, by Lemma 9.4,

n M(%",T(o))

nT(U) pw({M € Tr,(0) | A(M) = A}) -

We now express HLS,, (¢~ 1, (¢%(©)=5¢)¢) in terms of a p-adic integral, a key step

towards our proof of Theorem A. For variables s’ = (s/,...,s,), we set
sc
09 nen | e e\
: no(s,8) = T T
Tr, (o) 2£CCn HRden ‘Lden i

Proposition 9.6. We have
HLS, (g%, (¢ 5) o) = (1 — ¢ )" L0(s,—1,-2,..., —n).
Proof. Given A € L(0o™), we write T'(A) € SSYT,, for the tableau associated with A.

We have
HLS. (¢ (¢" D))= > ] a7
AeL(o™) CeT(A)

in -3 cimymT(C)sc
Z n,T(U) q o#Csln] .
TeSSYT,,

(9.5)
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By Lemma 3.8, the p-adic valuation of the diagonal elements of matrices in
My, 7(0) are constant. Therefore, on each .4, r(o) the integrand of I, ,(s) is
constant, namely

qE?:liwanl_Zz#Cg[n] mr(C)sc

Using the disjoint union (9.3), Proposition 9.5, and (9.5) we obtain

(1—q¢ ) "o(s,—1,-2,...,—n)
sc
|lmellzee]y

=(1—-¢H™ Z J p H lysi| = dps
TeSSYT, M, ( L en ‘ i=1

(1—g¢g ™ Z gi=1 Wn—i+1= Xz zoc(n) mT(C)‘ScM(///n,T(U))
TeSSYT,,
Z ;::T(U) q” Yerccinmr(C)so _ HLSn(q_l, (qdn(c)—Sc)C)_ 0
TeSSYT,,

d
rz;éCC[n HRne}‘;

Proposition 9.6 presents HLS, (g7, (¢%(¢)=5¢)5) in terms of the p-adic inte-
gral I, ,(s,s’), whose integrand is a product of maximal p-adic norms of sets of
homogeneous polynomials (of the same degree for each set). For the proof of Propo-
sition 9.8, we record the degrees of the polynomial functions involved.

Lemma 9.7. We have
1 i C=[n],

deg RIE + deg L8 — deg RO — deg L3 = X
' 0 otherwise.

Proof. By inspection of (9.2) we find that

deg R)'¢' = dn([n]\C) + 1, deg Rff?; =d,

deg L,,'¢" = max{0,d,([n]\C) + n — #C — 1}, deg th dp,

Regarding deg L}'¢', observe that d,([n]\C) +n — #C — 1 <
dn([n\C) + n — #C — 1 = —1. The latter is equivalent to C' = [

deg Lz‘f[’fl’] = deg Lfffn]. O

([nN\C),

([n\C) + n — #C.
0 if and only if
I

n|. Hence,

Proposition 9.8. For all n, there exists a finite set S = S(n) of primes such that
In,0(3;3/)| = q*S[n]*Z?’:l 5;]n10(373/)7

q9—q

for all cDVRs o with residue characteristic not contained in S.

Proof. We use [13, Thm. 3.1] together with Lemma 9.7. The latter asserts that the
degree of the rational expression associated with the variable s¢ is zero unless C' =
[n], in which case it is one. O

9.3. Proof of Theorem A. By Proposition 9.6 it follows that, for the rings to
which Proposition 9.8 applies,

HLSn(q717 (qdn(C)isc)C)’ = (71)71(]*71 ' (I’I’I,O(Sa 715 725 ey 7n)|q~>q*1)

q—q !
= (=1)"q 7 B HLS, (7 (g" (7)),
As this equation holds for infinitely many ¢, it follows that
HLS, (Y1, X 1) = (=1)"y~(G) X, - HLS, (Y, X).
This concludes the proof of Theorem A. (I
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A. EXAMPLES

We exemplify some of the paper’s rational functions—all of which can be ob-
tained as substitutions of Hall-Littlewood—Schubert series. We do this here for n <
3. Further data may be found at https://zenodo.org/uploads/13895162.

A.1. Affine Schubert series. Recall Definition 1.5 of the affine Schubert series
affS,),(Z) of intersection type.
Example A.1 (Intersection type). We have
1 1—Z112x
1— 211’ (1 —qZ11)(1 — Zo1)(1 — Z11Z92)°
For n = 3 we write affS}',(Z) = NI, (Z)/D¥',(Z), where
N'gj‘,(Z) =1 — ZnZ3y — Z11Zo2Z31 Za2 — Z11Za1 Ly — qZ11 Zo1 Zay
+ Z11 201 Z22 731 252 — qZ11 Zon D2 25y + Zu1 25y 23y Zso — 21 Zy Zs1 Zso
+ qZ11 Zon Z22 751 Zso + qZ11 Zay Zay Zsz — G Z11 2y Zsn Zso + qZ11 2y Ziy
— ¢* 2175, 23 + a2y Za1 2o Dy Zzg + qZ11 25, Zs1 Zigy — @ 211 Zo1 Zoa Z3s
+q* 7125 751 + a7 23y D D5y — a2 Zn By Zisz + @ 2y Zon oo Zy D
+q* 211251 751 Zan — 201 Dy Zioa Zn By + 47 2 Zay D2 Zis
— a2t Z51 222 21 Zso + 4" 21 Zr Zon D1 D + 4 211 D31 D Zs
— 70175\ 202 23y D3y + ¢° 21 D3y D2 T Zsy — 4 2 21 Zir Do
+q* 20725 751 Zsy — P 231 23y Za2 D1 23y — q° 231 23y Za2 Dy Zso
— @" 21120 Z1 Zss — 47 21 5 Zn D1 Ziy + 4° 21 Zin Zon 23y Do,
Di:;g(Z) = (1= Zs1)(1 = Z21Z32)(1 — Z11Z22Z33)(1 — qZ21Z31)(1 — qZ11Z21Z32)
x (1 — q2Z11222Z32)(1 - q2Z11Z21Z31)-

affSY", (Z11) = affSh,(Z) =

Recall Definition 3.15 of the affine Schubert series affS}’ ,(Z) of projection type.

Example A.2 (Projection type). We have
;’ affSE® (Z)= 1— 721175 -
1-2n ’ (1= Z11)(1 = qZ21)(1 — Z11Z22)
For n = 3 we write affS}’,(Z) = N3',(Z)/D%,(Z), where
N5 (Z) =1 — Z11Z22 731 Z32 — Z11 2 75y — qZh1 Zo1 Dy — @7 D1 75,
— 3 T\ Zos T2y — qZ11 Z01 D22 229 — qZ11 231 Z1 Zso — @2 Z11 231 72,
+ 231701 Z22 2y Zsz + qZ11 Zo1 Zoo Ziy Zs2 — q° Z11 23y Zs1 sz + qZ11 2oy Ziy
+ 20 231 Zoa Zs1 Z3y + qZ1 Zo1 Z2 Z31 Z3s + q° Z11 Zon Za2 Z31 Zs
+ 02125 23y Zs2 + 4" I Zy By + 4201 23y Zn s + 4211 231 22 21 2y
+qZH 23 25 23z + q° Z11 231 25, Zsz + q° Z11 Z31 25\ Zsz + q° 21 Zy Zoo Zs
— 231 25 Zan Z1 Z3s + q° 231 23, Zs1 Zigo + q° Z11 231 Z31 Zzo
~ 4720\ 25\ Zn Ziy Zsz — " 21 231 22231 233 — 4° 2 Zin Ziy Zso
— T 73, 73y Zsn — qZ31 231 Zoo T Zigy — @7 231 23y Zoo i1 Lz

affSﬁ’fo (Z11 ) =
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— 1 5 Zn 251 B3y — 4° 21 Zn B sy + 47 21 Zn Zn i1 i,
D5 (Z) = (1 = Z11Z22Z33) (1 — Z11Z22 Z32) (1 — Z11 221 Z31) (1 — qZ21Z31) (1 — 4> Zs1)
x (1 = qZ11ZnZs32)(1 — q2221Z32)-
A.2. Symplectic Hecke series. Recall the polynomials H2*™ (Y, x, X) yielding
the numerators of the Hecke series H,, o(x, X); see (1.7).
Example A.3.
H"(Y,x, X) =1,
HY"™(Y, 2, X) = 1 — Y122 X2,
H3"™ (Y, 2, X)=1— 212223 X2 — Yoz X2 — Y123 X2 — Y2122 X2 — Y2 12223 X 2
+ Yx1x2x3X3 — Yx1x2x§X2 — Yx1x§x3X2 - Yx%x2x3X2
— Y2x1x2x3X2 + Y:leg:ngS + Yx1x§x3X3 + Yl'?l’glﬁXS
+Y?zizoms X3 + YxlxgngS —+ Yx?xgngS —+ Y2x1x2x§X3
+ Yx?xgx;gXS + Y2x1x§x3X3 + YQx%:vgngS + Y:v%x%:ng?’
—+ Y2x1x§x§X3 + Y2x§x2x§X3 + YQm?mgmgXS — Yxfx%xiXAl
— Y2x1x§x§X4 — Y2x§x2x§X4 — YQm?mgmgXAL + YQm?mgmgXS
— Y%’v%x%x%X‘l — Y2x%x§x§X4 — Y2x§x§x§X4 — Y2xi’x§x§X4
— Y3x§x§x§X4 + Y%?x%gch‘?
A.3. Hermite—Smith series. Recall Definition 1.8 of the the Hermite—Smith se-
ries HS,, o (2, y).
Example A.4. We have

1 1-— :I:2y1y2
. HSy(my) = 1 .
1 — 219 20(2,y) (1 — z191)(1 — z2y192) (1 — qz1y2)

For n = 3 we write HS3 ,(x,y) = HS3," (=, y)/HSfo,le;‘(m, y), where

HS1,o(z1,91) =

num 2 2 2 2
0S5, (2, y) = 1 — 21y1y2 — T1Z291Y2Ys — GTIY1Y3 — T2Y1Y2Y3 — qT1T2Y1Y2Y3

2 2 2 2 2 2 2 3

— G T1Y2Y3 — qT2Y1Y2Y3 + T1T2Y1Y2Y3 — ¢ T1T2Y1Y2Y3 + qT1Y1Y2Y3
2 2 2 2 2 2 2 2 2 2

— ¢ T2Y1Y2Y3 + T1X2Y1Y2Y3 + qTIT2Y1Y2Y3 + qT1T2Y1Y2Y3
2 3 2 2 2 2 2 2 2 2 2

+ ¢ T1Y1Y2Y3 + qT1T2Y1Y2Y3 + ¢ T1T2Y1Y2Y3 + qT1T2Y1Y2Y3
2 2 2 3 2 2 2 2 2 2 2 2 2 2 2

+ ¢ TIT2Y1Y2Y3 + qT2Y1Y2Y3 + ¢ T1T2Y1Y2Y3 + ¢ T1T2Y1Y2Y3
3 2 2 3 2 2 2 3 2 2 2 2 2 2 2 2

+ ¢ TIT2Y1Y2Y3 — qT1T2Y1Y2Y3 + ¢ T2Y1Y2Y3 — qTITY1Y2Y3
3 2 2 2 2 3 2 2 33 2 2 2.2 2 2 2 2

+ @ T122Y1Y2Y3 — ¢ T1T2Y1Y2Y3 — T1T2Y1Y2Y3 — ¢ T1T2Y1Y2Y3
3 3 2 2 2 3 2 3 2 3 2 2 2 2 2 3 3 2 2 3

— q T1X2Y1Y2Y3 — q T1T2Y1Y2Y3 — 4 T1T2Y1Y2Y3 — q T1T2Y1Y2Y3
3.3 .3 3 33

+ ¢ T122Y1Y2Y3,

HSSS (2, 9) = (1 — z1y1) (1 — 220192) (1 — qz1y2) (1 — 23919203) (1 — quayiys)
x (1= q*z1y3)(1 — ¢*way2ys).
A.4. Quiver representation zeta functions. Recall the definition (1.9) of the
zeta function (y;, (o)(s) of the o-representation V(o) of the dual star quiver S}.

Example A.5. Set t; = ¢~ * for i € [n]. We have

1—tqt3
1—t2)(1 = 3)(1 — tat3)(1 — qtata)

1
Cvl(o)(sl) = 1*—t1’ CVZ(U)(S) = (
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For n = 3 we write (y,(0)(s) = Z“}:EE’)(S)/Z‘(}:?O)(S), where
Ve (8) = 1 — 133 — qtataty — 11515 — ¢*tit5E5 — 01t5t5 — qhit3t] — g*tat5ts
+ g3t — qtitsth + titsts + qtatatl + gPtitats — qPtitats + titats
+ qtitath + PSS + qt3tsts + PtSts + qtit5ts + Ptitath + Ptitats
— qtit3t3 + gtit5ts + 5t + PSS — Pt + Pt
— qtit3ts” — PGS — RS — qtitits' — Pt — Pty
— 11515 + 135t
den _ 3 2,3 2,2 2
2oy (8) = (1 —t2)(1 — t3)(1 — gt3) (1 — t5)(1 — t3t5)(1 — qt5t3) (1 — ¢ tatats)
x (1 —t1t3t3) (1 — qtitat3) (1 — >t t3t3)
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